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Symmetries of the Super Heat KernelN = 1 and SKdV Hierarchy
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A new heat operator wittv' = 1 supersymmetry is proposed. We study the symmetries of the corresponding heat kernel , which gener-
alizes the bosonic one in a natural way. We used these symmetries to obtain, in the asymptotic limit, the super KdV hierarchy. Finally, a
supersymmetric tree version associated with this hierarchy is presented .
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Se propone un nuevo operador del calor 80e= 1 supersimeias. Se estudian las simieis del ficleo del calor correspondiente, las cuales
generalizan de manera natural la del cas®him®. Usamos estas simiets para obtener, en éhlite asinbtico, la jerargia super KdV.
Finalmente presentamos una vérsdiagranatica asociada con esta jeraiau
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1. The Super Heat KernelN=1 and the SKdV  in which

hierarchy n P
o ) o D:Z(:rpfx;)—.

The heat operator is highly relevant in quantum mechanics, in Ay
addition to its interest in thermodynamics. It is known that by ) o )
considering the analytic continuation from— it, the heat ~ 1hevalue ofu(z,2") whenz = z'is aflnllte poI;lm?mlaI
equation with potential gives rise to the Sobdinger equa- " v(x) and its derivatives. Passing froRT"** to R'*" we
tion [1]. In particular, the rigorous treatment of the Feyn- May writé
man path integral follows for the heat equation and, thus du(z) d\i
by analytic continuation, the corresponding formula for the ay(z,z) = Gk (u(x), e, () u(x), .. ) ,
Schibedinger equation may be obtained. Supersymmetric
guantum mechanical systems are relevant for several reasons, k=1,2,... (4)
in particular at high energy physics. Then the corresponding
analysis of the supersymmetric Green’s function is of inter-Then, the equations of the KdV hierarchy [3], for an unknown
est. Howewer, there is no rigorous Feynman path integralunctionw(x, t) are
formulation for supersymmetric models [2]. In this paper,
by using the symmetries of the super heat kernel, we deduce ow - EG;@ (w7 ‘97“’7 N ) . k=1,2,...
from its asymptotic expansion wheén- 0% all the hierarchy ot Ox Ox

of the Super KdV equation. In this section, we obtain the supersymmetric extension of

It is known that the Green’s functiof¥, (z — «') of the  thjs construction. The super heat operator is given by
operator with potentiak(z):

0
L,=0—A+u(x) 1) L= FT (D* - D(24)), ©)
has an asymptotic expansiontas: 0™ of the form whered = ¢£(x) + fu(z) is the superpotential with values on
> 1 X the odd part of a given Grassmann algebra, and
Gi(z —2")=gi(x —2')Y —ap(z,2")t )
k! 9 o
k=0 D= —+60—
where 00 Ox
(z— ') = 1 o= (a=s')? is the superderivation asociated with it.
9t - art It turns out [4] that the Green'’s function of this operator
anday (z, 2') satisfy the recursive differential equations Ki(x,0;2",6') has the following symmetry. If we expand it
as
1
(1 T Eir 1D> a1 = [A —ul@)a, Ky(2,0;2',0') = Ay(z,2') + 0B,(z,2')

k=0,1,... ag=1, 3) —0'Cy(x,2') + 00’ Dy(x,2"),  (6)
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then, it satisfies Taking derivatives with respect tg in these relations and
, ;o evaluating at: = 2/, § = ¢’, we obtain
Ki(z,0;2",0") = K (2,05 2,0)
which in terms of the components yields
Ai(z,2") = Ag(2, )
3 1
Bt(.’ﬂ, Z,) = Ct((L'/, Sﬂ) a3ak(07 z, 9) = iazaiak((L z, 9) - Zagak

Dy(z,2") = —Dy(2', x). (7

1
Oyar(0,z,6) = 582% (0,,0)

The existence of the Green’s function and its properties argzmd
extensively studied in [4] where it is proven that this sym-
metry for. the exact Green’s_funcnon is also a symn"!etry for b (0, 2, 0) = _lDak(OwT, 9)8§bk(0,x,9)
the coefficients of asymptotic expansiontas: 07. This is
a relevant and non-trivial step in our construction since the
asymptotic expansion is not convergent in general.

We may now extend (2) and (3) in terms of the following 1.,
asymptotic expansion fdk (z, z', 6, 6') = 59:01(0,2,6). (13)

Ki(x,2',0,0") = gi(x — 2’ — 00")

1
= —5851)%(0,:0, 0) + 9.0,bx (0, z, 0)

oo The evaluation of Egs. (11) and (12)aat 2/, § = ¢’ yields
X Z {ak(x —a' — 00 x,0)

k=0 B 97a,(0,2,0) — D(®ay) 4 Pby, (14)

+ (0 —0bp(x — 2’ — 00,2, 6)} o (8) big1(0,2,0) = (=0, + 0.)(—0y + 9-)bi (0, 2, 6)

. . . . i 1

,t?cf)t:r replacing this expression on the supersymmetric equa — D (®b(0,2,0)) + 5@82%(0, 2,0). (15)
LK; = 6:6(x — ' — 00") 9)

and using the symmetry (7), we obtain the following iterative We now take derivative of Eq. (11) with respectgp

- —f 3 2
procedure to evaluate the coefficientggfwhenz = 2’ and evaluate at = o, § = ¢, and replacé);ay, 9, ax, dyax by
0—0" the expressions obtained in the previous relations. We finally

get the system given by Eq. (10).
0,a,+1(0,2,0) = DMay(0,x,0) — e (0, x,0)

6‘ch(0,93,0) = Mak(o,x,e) (10)
wherec, = 9,bx(0,z,60) and DM = P(ay) + 3a: D> — a3 D,
M= D5 - 3@1D2 - GQD - 2@3,

The operatoiD M may be expressed as

whereP is the bosonic operator
ag must be equal ta.

To see this in more detail, we replace the expression given
by (8) in (9) and obtain: P(u) = DS — 4uD? — 2D?u1.

0y
(1 — y) a1 = Lay, + ®by, o
k+1 In the bosonic limit, whert = 0 andd = 0, the system
L=09%—-D®&+ 3D, (11) of Eqs. (20) decogp!es, gnd the equationdp(p, z,0) de-
scribes the bosonic iterative procedure satisfied by the coef-

Oz 1 ici ' i +
(1 Y > bryt + i@yak+1 = Lby + ®dya,  (12) ficients of the asymptotic expansion, when- 0*, of the

k+1 bosonic Green’s functiot;(z — z’).
wherey = x — 2’ — 66’, the new supersymmetric variable. The existence of the supersymmetric Green’s function
The symmetry given by Eq. (7) implies now the following and its asymptotic expansion ensures the existence of a so-
relations between,, andby: lution for the system (10) with the initial conditiar = 1.
ar(y,z,0) = ap(—y,y + z,0), It follows from (10) thatMay (0, z, §) are the right hand
members of the super KdV hierarchy, and in particular
bi(y,2,0) — b(—y,y + 2,0) = —Dak(—y,y + z,0). corresponds to the super KdV equations of Mathieu [5].
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The construction of the supersymmetric “tree” is then as2.  Conclusions
follows

We have proposed a new supersymmel¥ic= 1 heat oper-
lk—1 ator. Using the natural symmetries of this operator we ob-
tained in an explicit way the super KdV hierarchy = 1.
This generalizes the approach which yields for the bosonic
heat operator the KdV hierarchy. We think that this would be
of great help in understanding tt¥ > 1 models, for exam-
ple, the quantum behavior of the supermembrane and super
D-brane theories.
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