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Tsamparliset al. [3] have developed a systematic method for computing of the conformal algebra of 1+3 space-times. The proper CKV’s are
found in terms of gradient CKVs of the 3-space. In this paper we apply Tsamparlis’ results to the study CKVs of the Gödel ST-Homogeneous
type spacetimes. We find that the only space-time admitting proper CKV’s is the ST-Homogeneous Gödel type withm2 = 4Ω2 (RT).
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Tsamparliset al. [3] han encontrado un ḿetodo sisteḿatico para calcular eĺalgebra conforme de espacio-tiempos 1+3. Los CKV’s propios
son encontrados en términos de los gradientes CKV’s del 3-espacio. En este trabajo aplicamos los resultados de Tsamparlis para estudiar los
CKVs del espacio-tiempo tipo G̈odel ST-Homogeneo. Encontramos que elúnico espacio-tiempo que admite CKVs propios es el tipo Gödel
ST-Homogeneo conm2 = 4Ω2 (RT).

Descriptores: Relatividad general; simetrı́as conformes.

PACS: 04.20.-q

1. Introduction

A space-time is called 1+3 decomposable along a non-null
vector fieldζa = δa

1 if ζa is covariantly constant, equiva-
lently a gradient KV. The metric of a 1+3 space-time can be
written as:

ds2 = ε(dx1)2 + gαβ(xγ)dxαdxβ (1)

whereα, β = 2, 3, 4 andε =sign(∂/∂x1). For ε = 1 (−1)
we refer to a 1+3 spacelike (timelike) space-time.

The 1+3 space-times are important because many solu-
tion of interest belong to this class (i.e. Robertson-Walker).
Therefore, there has been considerable interest in the study of
the conformal algebra of 1+3 decomposable space-times. Co-
ley and Tupper [1] have determined all decomposable space-
times which admit conformal Killing vectors (CKV) and they
have given general expressions for the CKVs in special coor-
dinate systems. A similar but more qualitative study of CKVs
in decomposable space-times has been given by Capocci and
Hall [2]. Finally Tsamparliset al. [3] have developed a sys-
tematic method for computing the conformal algebra in terms
of the gradient CKVs of 3-space. In this work we study con-
formal symmetries of the G̈odel-type solutions.

In 1949 G̈odel [4] published the following result: ”there
exist only two types of solutions to Einstein’s equations
corresponding to a space-time which is homogeneous (ST-

Homogeneous), with incoherent matter and with rigid rota-
tion (no shear and no expansion). They are the Gödel so-
lution (with rotation,Ω 6= 0) and the static Einstein universe
(Ω = 0).” Even though this result was obtained for an energy
tensor corresponding to dust and with cosmological constant
(ρ,Λ, p = 0), it is easy to verify that with a change of vari-
ables (ρ′ = ρ + p,Λ′ = Λ + kp), it can be reinterpreted
as a perfect fluid solution. Other studies have revealed the
existence of families of isometrically non-equivalent Gödel-
type solutions [5]. In 1980, Raychaudhuri and Thakurta [6]
found the necessary condition for a space-time to be homo-
geneous (ST G̈odel) for arbitrary values ofΩ. Rebouças and
Tiomno [5] obtained all the ST-Homogeneous Gödel type
isometrically non equivalent space-times (written in cylindri-
cal coordinates) and characterized by vorticityΩ and parame-
term (−∞ ≤ m2 ≤ +∞). The casem2 = 2Ω2 corresponds
to the G̈odel solution. They found thatm2 = 4Ω2 is the
first completely causal, exact Gödel-type solution (from now
on RT solution). Teixeiraet al. [7] computed the isometries
of the ST-Homogeneous G̈odel type metrics and showed that
the RT solution admits aG7 isometry group while all the oth-
ers admit aG5,with the exception of theΩ = 0 case, which
admits aG6.

In this paper we use Tsamparliset al. results to compute
proper conformal vectors of the Gödel type space-times and
find that they exist only for the RT solution. Therefore also
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from the point of view of conformal symmetry, this solution
acquires a particular interest. This is done in Sec. 3 while in
Sec. 2 we give a brief summary of Tsamparlis results [3].

2. CKV of 1+3 space-times

We are interested in the CKV of G̈odel-type solutions and,
since these space-times belong to the 1+3 class of metrics,
we will use the results obtained in Ref. 3, where it is shown
that the CKVs of a 1+3 decomposable metricgab

ds2 = ε(dx1)2 + gαβdxαdxβ

whereα, β = 2, 3, 4 andε = sign(∂/∂x1), are computed
in terms of the CKVs of the 3-metricgαβ by means of the
following proposition:

Proposition 1.1
All proper CKVs of a 4-metricgab along and normal toςa is
Xa = f(xb)ςa+ Kαδα

a , whereKα is CKVs of the 3-metric
gαβ and has the following form:

Kα =
1
p
m(x1)ξα + La(xβ) (2)

where:

(a) f(xb) is obtained from CKVsKα :

∂f(xb)
∂xα

= −ε
∂Kα

∂x1
(3)

and

∂f(xb)
∂x1

= λ (K) (4)

(b) ξα = λ(ξ),α is a proper gradient conformal vector field
(if it is a KV, then space-time brakes further in 1+1+2,
which we exclude as a trivial case) of the 3- metric sat-
isfying the relation:

λ(ξ)|αβ = pλ(ξ)gαβ (p 6= 0). (5)

(c) The functionm(x1) satisfies the equation (p 6= 0) :

d2m

d2x1
+ εpm = 0. (6)

(d) La(xβ) is a non-gradient Killing vector (KV) or Ho-
mothetic Killing Vector (HKV) of the 3-metric such
that:

Lα|β = Fαβ(L) = Fαβ(K). (7)

The KVs of the three-metric are identical with those of
the 1+3 metric. The homothetic vector of the 1+3 met-
ric (which exists only when the 3-metric admits one) is
given by:

Xa = bδa
1 + Hµδa

µ (8)

whereb is the conformal factor of the homothetic KV
Hα of the 3-metric.

3. The geometric structure of G̈odel type
space-times

Now we apply the results of Sec. 2 to the computing of the
CKV of Gödel-type space-times. In Cartesian coordinates
(t, x, y, z), the metric of a G̈odel type space-time is:

ds2 = −dt2 − 2H(x)dtdy + dx2

− [D2(x)−H2(x)]dy2 + dz2 (9)

whereH(x), D(x) are arbitrary functions.
The G̈odel metric follows for H(x)=emx,

D(x)=(1/
√

2)emx.
In cylindrical coordinatest, r, φ, z, the metric of these

spacetimes becomes:

ds2 = −dt2 − 2H(r)dtdφ + dr2 + [D2(r)

−H2(r)]dφ2 + dz2 (10)

Gödel’s metric is defined in these coordinates by:
H(r) = (2

√
2/m) sinh2(mr/2), D(r) = (1/m) sinh mr.

The G̈odel-type spacetimes are 1+3 decomposable (the
gradient KV being∂z) with 3-metric:

ds2
3 = −dt2 − 2H(x)dtdy + dx2

+[D2(x)−H2(x)]dy2 (11)

Therefore the theorem applies.
ST-Gödel-type metrics satisfy the following condi-

tions [5]:

D′′

D
= const = 2Ω (12)

H ′2

D2
= −m2 (13)

We will solve Eq. (5) for the following cases:

• Case Im = 0

D(r) = ar + b, (14)

H(r) = −Ω
a

(ar + b)2 + c (15)

wherea, b, c are constants.

For a=1, b=c=0, we have: D(r)=r, H(r)=−Ωr2,
which is the solution given by Reboucas and Tiomno
(see Eq. (3.20) p. 1257 in Ref. 5).

Then we have that the only solution to Eq. (5) is

λ = 0

Therefore this space-times does not admit proper
CKVs.
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• Case IIm2 ≡ −µ2 < 0

D(r) = a sin mr + b cos mr, (16)

H(r) =
2Ω
m

(b sin mr − a cosmr) + c (17)

The solution found by Reboucas and Tiomno follows
for a = 1/m, b = 0, c = (2Ω2)/m2 (see Eq. (3.25),
p. 1258) and it is:

D(r) =
1
m

sin mr, H(r) =
2Ω
m2

sin2 mr

2
.

In this case, a solution to Eq. (5) withλ 6= 0 is possible
only if we demand that

µ2 = −4Ω2

Thus, these ST-G̈odel-type space-times do not admit
CKVs.

• Case IIIm2 > 0

D(r) = a sinhmr + b cosh mr, (18)

H(r) = −2Ω
m

(b sinhmr + a cosh mr) + c (19)

The solution found by Reboucas and Tiomno follows
for a = 1/m, b = 0, c = −(2Ω)/m2 (see Eq. (3.4),
p. 1256) and it is:

D(r) =
1
m

sinh mr, H(r) = − 4Ω
m2

sinh2 mr

2
.

For this case, we have that a solution to Eq.(5) withλ 6= 0
is obtained form = ±2Ω.

Then Proposition 1 implies that it definitely admits
CKVs.

From Eq. (5) withm = ±2Ω, we find that a non-trivial
solution is obtained iffp > 0. that is

p = Ω2

We have, then, the following solutions:

λ = (c1 sin Ωt + c2 cos Ωt) sinh Ωr

+ [(−c3 cos φ + c4 sin φ) sinΩt

+ (c3 sin φ + c4 cos φ) cos Ωt] cosh Ωr

If we perform the following coordinate transformation

φ = φ′ + Ωt (20)

we arrive at:

λ = (c1 sinΩt + c2 cosΩt) sinh Ωr

+ (c3 sin φ′ + c4 cosφ′) coshΩr

which is the same result obtained by Tsamparlis for the met-
ric RT [5], following a different approach:

ds2
3 = − cosh2 Ωrdt2 + dr2 +

1
Ω2

sinh2 Ωrdφ′2 (21)

The only ST-G̈odel-type space-time which accepts CKVs
is the conformally flat RT space-time. The KVs of the RT
space-time have been determined in Ref. 7, and the CKVs
are given in Ref. 3.

4. Conclusions

In this paper we have carried out a detailed study of the con-
formal symmetries of ST-Homogeneous Gödel-type space-
times, and have shown that the only solution of this type
which admits proper CKVs, is the RT solution, given by
Eq. (21). As mentioned before, the RT solution is the only
completely causal ST-Homogeneous Gödel-type space-time;
furthermore, this is also the metric which exhibits the largest
isometry group (G7). It is, therefore, interesting that the
requirement of the existence of a more general symmetry
(conformal symmetry) singles out, once again, this solution
among the whole family. Since this metric admits 15 CKV’s:
7 KV and 8 CKV’s, it is conformally flat.

The approach followed in this work requires that one
solve the differential equations which derive from Eq. (5).
This has been done successfully in this case; nevertheless,
for more general 1+3 cases, it can be a difficult and awkward
task. To overcome this difficulty, we are currently working
on a criterion which will enable us to easily establish wether
a given 1+3 metric might admit proper CKV’s.
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