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Enhance the coherence of open two-level
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Dynamics of a two-level system in the superposition of two dephasing environments with Ohmic-like spectral density is studied when
considering initial system-environment correlations. The quantum system and one environment are treated as whole thermal equilibrium
state, while the other environment is at thermal equilibrium state alone. Which environment the system interacts with is determined by an
ancillary two-level system. When the system interacts with mixture of two sub-Ohmic environments, initial correlations can make the mixed
dynamics non-Markovian. For two identical sub-Ohmic environments, if performing the projective measurement on the ancillary two-level
system at the special time points, whatever the initial state of the system is, the coherence can be enhanced. For two different environment
with Bhwo /2 > 1, we get the approximate expression about the coherence of the system when measuring the ancillary two-level system.
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1. Introduction As for the dynamics of open system, usually we need to
couple the open system to the environment, then acquire the
Quantum coherence is a kind of important resource in théeduced dynamics of composite system. If the system and en-
field of quantum information [1]. In the opinion of standard vironment are weakly interacting, initial system-environment
quantum mechanics, quantum system is inevitably affectegorrelations can be neglected. However, in the strong system-
by the environment around [2, 3], so the actual quantum sysenvironment coupling regime, the initial correlations must be
tem is open and decoherence is unavoidable. Quantum deonsidered [26]. By superposing trajectories of the system,
coherence includes dephasing and dissipation. The practive can enhance quantum communication [20, 27]. Further,
cal implementation of quantum computation and communiwe research the effect of initial correlations on the dynam-
cation needs to effectively resist the quantum decoherencées of open quantum system in the superposition of environ-
To work out the problem, many proposals have been put forments, which is useful in quantum computation and quantum
ward. For instance, Quantum error-correcting code tries ténemory.
encode logic bits with far more qubits to increase reliability ~ The paper is structured as follows. In Sec. 2, we con-
to resist noise, and correct errors of a certain number of logietruct the interaction model of open two-level system with
bits [4-6]. Dynamical decoupling imposes a sequence ofuperposition of two dephasing environments, and derive the
radio-frequency pulses to repetitively flip the state of the sysdensity matrix of open two-level system and ancillary system
tem to suppress the quantum decoherence [7, 8]. Moreovesver time. In Sec. 3, we find the mixing-induced quantum
By embing the qubits in the decoherence-free subspaces, ti@n-Markovian effect in the model before measuring the an-
qubits can resist collective decoherence or dissipation [9-11killary system, the cause is the initial correlations between
Of course, based on decoherence, some researchers try to #pen system and one of two environments. In Sec. 4, we get
troduce other parameters to modify the Qutinger equation  the expression about the normalized coherence of open sys-
such as Refs [12, 13], we do not consider those conditions. tem after measuring the ancillary system in the fixed bases.
In traditional quantum Shannon theory, the systems carinh Sec. 5 and Sec. 6, we discuss the situation that two envi-
rying information are in quantum state, while the trajectoryronments are identical and different respectively. In Sec. 7,
of the systems is classical [14, 15]. However, the informatiorwe draw the conclusion.
carriers can also pass through multiple trajectories simulta-
neously, such as double slit experiment [16]. Thus, the quan-
tum particle can go through the coherent superpositions o . S .
alternative evolutions [17, 18]. Especially, by means of su—é' The dynamics with initial correlations
perposition of trajectories, we can create the indefinite causal
order [19-21], which is called quantum switch. In addition,2.1. Correlated initial states
by use of beam splitter [20, 22], two coupled cavities [23]
or double-well system [24, 25], we can set the particle in theThe spin-boson model describes the interaction between a
superposition of two environments. That can be achieved itwo-level systent with the environments; of harmonic os-
experiment. cillators [3, 28, 29]. The Hamiltonian of composite system is
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In the interaction picture, the time-evolution operator of the

whole system is
H; = Hs+ Hg, + Hsg,

1
- R
REARAR P U = 10)0] @ U(t) + 1N (A @ Th (1) (©)
+ Z ho (95 xajx + gj,kag k) (1) Before making the quantum state of the system, assume the
k ' systemS and environmeng, to be in the thermal equilib-
L . rium state at certain temperatufe
wherea; anda}_k are the annihilation and creation opera- | ' P
tor of thekth oscillator with the angular frequeney; ., fiwg o~ BHo
is the energy difference of the two-level system (basis states psp(0) = W, @)
le), 19)). g, stands for the coupling strength, amdis Pauli re
operator.

whereg = 1/kpT. When we prepare the the quantum state

In the interaction picture, the effective Hamiltonianis ¢\ system in the environmeff, at timet — 0, if consid-

Hky (t) = e HstHe)t/hpr - o=i(Hs+Hp;)t/h ering the initial qubit-environment correlations [29] between
’ ’ systemsS and environmeng), the initial quantum state of
= ho, Z(gj,ka;keiwj'kt + g;’kaj’ke‘i“mt) the environmengk is
k
A e )
= zH'e t). 2 0) = . 8
0- 4y, (t) (2) PE,(0) TI'<’(/)S‘€_5HU|’(/JS> 8)
Then, H. (t) can be decomposed into the direct sum of
J . e el .
two operators Here,|1s) = scle) + s4|g) is the initial normalized state of

the systent. Then we set the systefin the superposition
; of environmentdry andE;. Attimet = 0, there is no initial
Hgp, (1) = le)(e| ® Hje(t) = |9)(9l © Hje(t). () correlations between systeshand environmeng; . Assum-
ing environment?; to be in the thermal equilibrium state at

The time-evolution operator is S i
the same temperatufg, the initial state of environment;

U;(t) = le){el ® Uje(t) + 9){g] @ Uj (1) is
le)(e| ® exp [ ’i/tH (r)d :| e—BHE,
= X —— ielT)ar —
+ h 0 Js pEl (0) T‘I'[eiBHEl] . (9)
. t
+ |9) (9] ® exp,. {;L / H‘,e(r)dr} ) (4)  Thus, we can write the the initial quantum state of the com-
0

posite system in the form of tensor product of density opera-
whereexp [.. ] is the chronologically ordered exponent.  tors
When the systens' is located in the superposition of two

dephasing environments, and E;, the ancillary two-level p(0) = pa(0) ® pse(0)

systemA (basis statesl), |0)) determines which environ- 1[0 0 0

ment interacts with the syste[27]. The whole Hamilto- = p4(0) @ ps(0) @ pp(0)

nian can be expressed in the following form =p4(0) ® ps(0) ® pg, (0) ® pg, (0),  (10)
H =0){0| ® Hy + |1){1| ® H;. (5)

where ps(0) = [1) (s, pa(0) = [tha)(al, [Ya) =
I aq|1) + aol0), |a1|® + |ao]? = 1.

2.2. Time evolution of the composite system

Whent > 0, the quantum state of the composite system is

_ _ (a1 PUL()pse(O) U (t),  a1aiUs(t)pse(0)US (t)
) =UOpOTT(0) = ( 003 Ua(t)psp OV, a0 Un(psm UL 1) )

(11)
Then, the whole quantum state of systdnand systen®' is
la1*R11(t)ps(0),  aragRio(t)ps(0) )
t)="Tr t) = L L, , 12
pas(?) £ p(t) < aoa} Ro,1(t)ps(0),  lao|”Roo(t)ps(0) (12)
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where the super-operatoR;,(t)e = Trp[U;(t)(e ®
pe(0)Uf (1))

3. Mixing-induced quantum non-Markovian
effect

If we have no access to the ancilla degrees of freedom abou
systemA, then the systeml is equivalent to a mixed state

for us. The quantum state of systefris the statistical mix-
ture [30]

ps(t) =Tra pas(t)

= |ao|*Ro,0(t)ps(0) + |a1|* R11(t)ps(0).  (13)

Considering the initial system-environment correlations be-

tween systent and environmeng), [29], the off-diagonal
element

(e[Ro.0(t)ps(0)]g) = ses) - Co(t) = sesyy - e 00

- [cos[®q(t)] — i - sin[®g(t)] - S(wo, Se; Sq, B)], (14)
<€|R1,1(t)ps(0)\g> = ses)- C1(t) = st o),
where
() = / " gy (w) COth(ﬁhw/z)l_L;(m7
0 w
Dy (t) = /0 " Jo(w) Sifg;}t)’ as)

|Sg‘2€'6hw0/2 o |5e| efﬁhwo/Q

S — .
(WO,SE,Sg,ﬁ) |Sg‘26ﬁhw0/2+|5€|2€_ﬁhw0/2

Here, J;(w) is the spectral density of environmeh}. As-

sume the environment; has the Ohmic-like spectral den-

Sity, i.e.
Jj(w) = \jw Q;isje_“’/gj ,

(16)

where; is coupling constants; is Ohmicity parameter of

the environment;, andS); represents the cutoff frequency.

Whenﬁhwo/Q > 1, S(wo,se,sg,ﬁ) ~ 1, thenCo(t) ~

e~ 10 e=i®0(t) " Thus, the normalized coherence [1, 31] is

|Co(t)] = e=®. In this condition, if the systen$ only
interacts with environmenfy, the influence of initial corre-

lations on the coherence can be ignored. Because the function

~;(t) monotonically increases with time(s; < 1) [29], the
evolution of systent’ caused by environme, is Marko-
vian. Similarly, Ry 1 (t) is also Markovian process.

However, when the total dynamics is mixed by two dy-

namical processeRg o(t) and Ry 1 (t) (so,s1 < 1), the off-
diagonal element
(elps(t)lg) = ses) - Crnix(t) = ses7 - [|ao)?

x e~ 00 e=i®o) g, Pemn ()], (17)

g | —-=[Cy()
£ 0.8 \ |
2.l \ (0]
he C, . (D
O
S04
g
E 0.2
O = ———e -
0.8 1
t/s %1077

FIGURE 1. The normalized coherence varies with timeag =

a1 = 1/v/2,wo = 10° Hz, T = 1075 K, 5. = 54 = 1/V/2,

so = s1 = 05 Q = Q = 10° Hz, Ao = 3, Ay = L
|Co(t)| and |Cy(t)| represent normalized coherence in different
Markovian processe$Cmix(t)| varies non-monotonically and ap-
pears non-Markovian propertyC',,(t)| is normalized coherence
in the mixed process without considering initial correlations, and
still shows Markovian property.

the normalized coherence
|Conix (£)] = [Jao|*e™0® + |aq [*e™21® - 2[ag|?|ay |

x e~ (o) +7(1) cos(@o(t))]l/Q. (18)

In the condition, thoughzoo(t) and R, ,(t) are Marko-
vian processes, the coherence of the systewaries non-
monotonically. The mixed process is nhon-Markovian, and
caused by the initial system-environment correlations. If not
considering the initial correlationsb((t) = 0), the mixed
process is still Markovian, see Fig. 1. The result shows the
non-Markovian effect of the mixture of two environments.

4. The interaction with superposition of two
dephasing environments

If we perform the measurement on the ancillary systém
the {|4),/—)} basis with|+) = (|0) + ¢*|1))/+/2 to get
more information, then

pE(t) = fmuao%,o(t)ps(m + lar P By (£)p5(0)

+ ewaoa’{f{o,l(t)pg(O)
+ e ""ayal Ry o(t)ps(0)], (19)
where normalized parameter

Zi(t) =14 eapa} - Tr[Ro 1 (t)ps(0)]

+ efwalag . Tr[Rl,o(t)pg(O)}.
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Whenj # k, andj, k = 0, 1, using Eq./4)
(e|R; 1 (H)ps(0)]g) = (el Tru[U;(t)(ps(0) @ pu(0)UL(1)]lg) = ses} - TrulUje(t)(pp, (0) ® pr, (0)U] (1))

= sesy - Trg, [Use(D)pi, (0)] - T [pm, (0)UL L (8)] = sesy - (Use(D)) - (U ,(1)), (20)
by use of Refs. [27-29], then

(Uo,e(8)) = (U§ ()T = e i0@e30® AT @), (Uy,(t)) = <U§ () = e 10O d0® . AF (1),

(Uhelt)) = (g0 =000, 500 = [ o () L

w2

AZ(t) = cos <;<I>0(t)> +4-sin (;@Mt)) S(wo, Se, S¢, 3)- (21)

Thus, from Eq./14) and Eq. 20), the elements of density matrix

8¢Sy , N _ 1 _
(elpE (D]g) = -2 Alao|*Co(t) + |as|C1 (t) + 2RefePagaje™ T O =010 = xbo®+1 O] 47 ()},

Z+(t)
2 .
(el (t)]e) = Z'(' {1 DRefeiaga; - HIO-B0L5 () Hn )}
<g|p§(t)|g> _ Z|Sg(t) {1 + QRe{ewaoaT . e*%[@o(t)*ﬁ(t)]Aa' (t)} . e*%(%(t)JrVo(t))}7 (22)
+

where
Z4(t) = 1+ 2Re[e®agal - e~ 1100010 (|5 |2 A5 () + |s,| A (£))] - e~ ibo®F+m 0],

From the expressions of E®4) and normalized parametér, (¢), we can see that, if we let the relevant parameters satisfy
the factore’? aga’t-e~ 100 -01(1)] ¢ R, then diagonal elements of density matrix of open quantum syStesmain unchanged
before and after the measurement, which accords with the variation feature of dephasing process. Thus, we can compare the
effect of measurement on the ancillary systdrwith condition that the open quantughonly in the environmenk,.

After the measurement on the ancillary systénthe normalized coherence of open quantum system

+

x (23)
Sesy,
5. The interaction with superposition of two identical environments
If two environments are identical, théa(t) = 6, (¢),v0(t) = y1(t) = y(¢). Equation[23) becomes
2 2 ip () .
|Ci(t)‘ _ |CL()‘ C()(t) + |a1| Cl(t)2:|: 2Re[ a()a1]+e A t( ) (24)
L& 2Refe?agaf (|se|*Ag (8) + |sg|* A7 (1)] - e 37

Letag = a; = 1/+/2, to make diagonal elements of density matrix of open quantum system S unchanged before and after the
measurement, we can choase= 0. Then

LOo(t) + L0y (1) £ e 270 . AT (¢
Ca(y) = [FRT 2RO 2T 4 1) @)
1 £ cos(2@o(t)) - e~ 27
Simplify the Eq. I25) further, we can get
|ICL(t)] = e~ 27(®) \/0052((1)02(t)) + sin2(q)02(t) )S%(wo, Se, Sg, 3)- (26)
On the other hand, from Ecl4)
|Co(t)] = e 7® \/COSZ(@O(t)) + sin? (@ (1)) S2(wo, Se, 545 ), (27)
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1 I 1 I\
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1/vV2,wo = 10° Hz, T = 107% K, s = s1 = 0.5, Qo = Q1 = 10% Hz, Ao = A\, = 3. |C<(¢)| corresponds to measurement result in
the {|+),|—)} basis.|Cy(t)| is normalized coherence when the system only interacts with environfewith initial correlations, while
|Cno(t)| without initial correlations. ak. = s; = 1/v/2, b)s. = 1/2, s, = v/3/2.

FIGURE 2. Influence of measurement on the coherence of system ifi#he|—)} basis when considering initial correlations, = a1 =

where S?(wo, se, s4,8) < 1. Comparing Eq.26) and  |C4(t)] > |Co(t)]. Whendq(t) = 2, if carrying out the
Eq. 27), we can see, when the systemnitially corelated measurement on the ancillary systelnat the time, the deco-
with environmentE), interacts with superposition of two en- herence process of systeéfrcan be suppressed effectively.
vironments £y and F;, whatever the parameters of envi- Moreover, even if the initial state of the systeiris any
ronments are, if the functio®@(¢) can come to the value superposition state in the Hilbert space spanned by the bases
2kn(k € Z) with time ¢, we can enhance the coherence of{|e), |¢g) }, the coherence still can be enhanced. For example,
systemsS at the special time point. Thus, the conclusion doess. = 1/2, s, = v/3/2, seeing Fig. 2b). Although curves are
not restrict the range of parametay and initial state of open a little different from Fig. 2a), when timesatisfies condition
quantum systend, and it is suitable for all kinds of open ®((t) = 2, the coherence of quantum system S can be still
quantum system. 87w /2 > 1, S(wo, se, 54, 6) = 1. Ob-  enhanced effectively.
viously, |Co(t)] = e 7®,|CL(t)] = V270 [ |Cy(t)] < (i) If the environments are Ohmig{ = s; = 1) or
|C+(t)]. Hence, influence of initial correlations can be ne-super-Ohmic §, = s; > 1), the situation is different.
glected. In reality, it is easy to put the open quantum systenfrrom Ref. [29],lim;_, 1 ®o(t) = Ao7/2(sp = 1) and
in the superposition of two identical environments, so it islim;_, ;- Po(t) = 0(s¢ > 1). Therefore, we can not guaran-
reasonable to consider two identical environments. tee that the functio®(¢) must get to the valugkn (k € Z)

(i) If two identical environments are both sub-Ohmic overtimet. The time points may not exist in some conditions.
(Ohmicity parameters, = s; < 1), the function®(¢) in-  Besides, whe®(t) = 0, apparently|Cy(t)| < |Cx(t)].
creases with timé[29]. On the other hand, the functiort)
always increases with When the functionb,(¢) satisfies
®y(t) = 2w, the coherence of syste$ can be enhanced
obviously by measurement.

If Bhwo/2 < 1, S(wo,5e,54,8) ~ |8y — |se]” =
—(0.). Lets, = s, = 1/v2, S(wo, S¢, 54, 0) =~ 0, we
can get

6. The interaction with superposition of two
different environments

If two environments are different, then E23] is extremely
cumbersome and complicated. For this reason, we just dis-
cuss the problems withhwy /2 > 1. Setag = a; = 1/v/2,

from the Sec. 4, to make the diagonal elements of density
matrix of open quantum systefmremain unchanged before
and after the measurement, we should choose proper
satisfy that factoe’?aga - e~ (/D00 =01()] s real number

Ce () = e

cos <;<I>0(t)> ‘ . (28)

Thent > 0, we can getC. (t)| € [0,e~7®)/2], in addition,
|CL(t)] and|C_(t)| have the same curve. In EAS) and  when measuring the ancillary systetrin the {|+),|—)} ba-

Eqg. (16), lim; 1 Po(t) = +oo(so < 1) [29]. If we set  sis at timet. In the condition, it requires — (1/4)[00(t) —
Ohmicity parametes, = s; = 0.5, seeing Fig. 2a). Curves 6,(t)] = kn(k € Z), of course we need to know the vari-

of |Cy(t)| and|C+(t)| show the property of damped oscil- ation rule abou¥,(¢) — 6, (t) in advance. Wherk is any
lation, and the period ofC.(¢)| is twice period of|Cy(¢)|.  integer, the results after measurement are same. Thus, let
At the particular time pointie. ®o(t) = 2km,k € Z), ¢ —(1/4)[00(t) — 01(t)] = 0, Eq. 23) becomes

Rev. Mex. Fis70020401
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16770(06*”’ + lef’h(t)eix + 67%[70(,5)4,,\/1@)]
Ce(t)] = |2 2 i | 29
1+ cos(z)-e 1 [vo (&) +71(8)]
wherex = (1/2)®,(t), then
Clt) = Teos(z)(e70® 4 e (1t)) + e~ iho®+m (1) N %Sin(m)(e_’“(ti ) | -
1+ cos(z) - e~ a0+ ()] 1+ cos(x) - e~ o+ (®)]
Ignoring the imaginary part af'y (¢), then
Leos(z)(e~10® 4 e=m() £ e~ b0+ (0]
Ca)] [ E2N o
1+ cos(x) - e~ o) +n(®)]

Not considering the initial correlations between systeand
environmentEy (P (t) = 0), thenz = 0. If there are initial IMarkovian and the mixed process too. When considering the
correlations between the systefrand environmenky, cor-  initial correlations with3fiw, /2 > 1, two processes are still

relation factor will appear in expression. Markovian. However, the mixed process is non-Markovian.
If two sub-Ohmic environments are different only in the Thus, initial system-environment correlations play a very im-
coupling constants, leA; = kXg(k > 0), whenz = portant part in the memory effects of environment.
(2k + 1)7/2,k € Z. From Eq.[81), then If we perform measurement on the ancillary systdm
in {|+),|—)} basis, as for two identical sub-Ohmic environ-
|CL(t)] ~ e~ a0 (A+k) (32) ments, we can enhance the coherence of systdig mea-

suring the ancillary system at the special time points. When
Requiring |C ()| > e~® then0) < k < 3. Fromthe Shwo/2 > 1, influence of initial correlations can be ne-
example we can see, to enhance the coherence of open qughected, and measurement can enhance the coherence of sys-
tum system in the superposition of environments, the coutemS. For two different environments, the correlation term
pling constants need to be restricted to some range. appears in the coherence expression. Besides we discuss the
approximate range of coupling constants between system
and two different environments.
7. Conclusion In the realistic quantum information process, if we oper-
ate on the quantum system in one environment and conserve
In this paper, we research the open systemteracting with  the quantum state in the superposition of two or more envi-
superposition of two dephasing environments when considronments, maybe we can prolong the coherence time of open
ering the initial system-environment correlations between theuantum system. In the time-evolution process, the open
system and one environment. The initial state of environmenguantum system and ancillary system establish the correla-
E, depends on the initial quantum state of system via interactions, perhaps we can enhance the coherence of open quan-
tion, the other environmet, is at thermal equilibrium state. tum system by measuring the ancillary system in the orthogo-
Then we can get the evolution form of composite system. nal bases. In the paper, we choose a set of fixed measurement
With regard to the whole system composed of systtm bases. However, the optimal bases choice may be different
and ancillary two-level system, if we do not perform any over time. If we can find the optimal measurement in any
operation on the system, then the dynamics evolution is the time, the effect of measurement will be better. The setup
mixture of two dephasing processes. As for two sub-Ohmianay be useful in the field of quantum memory and quantum
environments, without initial correlations, two processes areregister.
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