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Zakharov-Kuznetsov equation in a multicomponent plasma

U. M. Abdelsalam

Department of Mathematics, Faculty of Science, Fayoum University, Egypt.
Department of Mathematics, University of Technology and Applied Sciences - Al Rustag, Oman.
*e-mail: usama.ahmad@rub.de

Received 22 March 2021; accepted 9 May 2021

Using the reductive perturbation method, we have derived the Zakharov-Kuznetsov equation for a multi-component plasma model consisting
of electrons, positrons, and fluid ions with positive and negative charges. The extended homogenous balance method has been applied 1
obtain the soliton solution in addition to many traveling wave solutions. Various physical parameters have different effects on the profile of
the solitary wave pulses, which can show the propagation of the ion, acoustic waves in laboratory plasmas and many astrophysical plasm:
systems as in Earth’s ionosphere.
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1. Introduction equation, the obtained solutions have new solutions and can-
not be obtained by many other methods like tanh, extended
Many research efforts have been devoted to positive-negatii@nh,G’ /G expansion methods.
ion plasma, composed of ions with negative and positive ~Many researchers have studied the nonlinear propagation
charges and electrons, since it has an important role in studgf the ion-acoustic waves for a two-component plasma con-
ing various plasma science fields. This kind of plasma can begisting of classical ions and electrons. Owing to the impor-
found in low-temperature laboratory experiments and manyance of pair-ion plasma, which is composed of positive and
astrophysical plasma environments [1-8]. The (e-p) plasma)egative ions, as well as the study of the ion-acoustic nonlin-
which contains positrons and electrons, can also include pogar solitary waves for magnetized plasma, it is of paramount
itive ions. This (e-p-i) plasma is created in the laboratory andnterest. In the present work, we have studied the nonlin-
also found in many astrophysical contexts like galactic nuclepar properties of the propagation ion-acoustic (IAW) soli-
and others (see [9-11]). The (e-p-i) plasma model in the predary waves in positive-negative ion plasma with positrons and
ence of negative ions was discussed in many other works as Blectrons. The ZK equation is derived and has been solved
Ref. [12—-16]. The predicted nonlinear excitations that occutising the ext.HB method to study the small-but-finite ampli-
in e-p-i plasmas may include electromagnetic solitons, electude solitary wave. The effects of various physical parame-
trostatic oscillations solitons, which depending on the nonliniers have been checked on the characteristics of the solitary
ear plasma in magnetized or unmagnetized cases, includingaves in such plasma, which can be found in many astro-
the Zakharov-Kuznetsov (ZK), Korteweg-De Vries (KdV), physical plasma systems as in the Earth’s ionosphere.
and the nonlinear Schrodinger (NLS) equations [17,18]. The paper is organized as follows: In the following sec-
The ZK equation has great importance in studying thdion, the governing equations fort'he §ugge;ted plasma'model
propagation of acoustic waves in the magnetized plasm&'® presented, and the ZK equation is derived to descrl_be the
[19,20]. Various methods were used for obtaining many typeSyStém. The extended homogenous balance method is used
of solutions to the nonlinear evolution equations (N.L.E),0 Solve the ZK equation in Sec. 3; different kinds of solu-
such as the extended tanh metha@,/() method, the gen- tions are optamed as periodic, rational, bl_ow up, and sol!tary
eral expansion method, and the extended homogeneous b4f@ve solutions, while we focus on the solitary type solution.
ance (ext.HB) method [21-29]. Wareg al. had proposed The dls_cussmn is pre_sented in Sec._ 4, and a summary of these
the HB method, which is an effective algebraic method for"®Sults is presented in the last section.
extract a wide class of analytical solutions [30, 31]. Many
N.L.E. had been solved using the extended homogeneous bgl,  Model equations and ZK equation
ance. Inthis paper, the ext. HB method has been used to solve
the ordinary differential equation (O.D.E.) reduced from theThe suggested magnetized multi-component plasma model
ZK equation with computer algebra system such as Matheeonsists of electrons, positrons, and fluid ions with positive
matica to extract various kinds of analytical solutions for ZK and negative charges within a magnetic fiBld= Byz. We
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write the system of equations in the normalized form. The n® — —1Q e G- ﬁd)(l)
fluid equations for the ions are the following continuity and B A2 ’ o A ’
momentum equations -0 9o
on ull = Q? gy ’ (11)
— (&
o TV (g ug ) =0, 1)
) = syt (12)
0 e R
(81? +uy - V> u =—-QVo+ E(u+ x BoZ), (2) nl(,l) — 77p¢(1). (13)
(8 +u_ - V) u_=Vo-— E(u, x Bo#). (3)  The phase velocity relation can be deduced from Poisson
ot c equation
The Poisson equation
2[1+Qu
V2p=ne—n, +n_ —ngy, 4 A=y ———. (14)
¢ e P + ( ) Nep + My

while positrons and electrons distributions are given by
ne = n exp(s, &) 5) The next-order ire gives a.s.ystem_of_ eql_Jations in the

€ ¢ ’ second-order perturbed quantities. Eliminating these quan-
ny = 1, exp(—9). (6) tities with the last equations, we can get the Zakharov-

. Kuznetsov (ZK) equation
Such thats, = T,/T. , whereT, andT, are the positron

and electron temperature, respectively. The mass ratio is de-a¢(1) )
fined asQ = m_/my, wherem_ , are the negative and o + Agt)
positive ion masses, respectively, while = n.q/no, and

lp = npo/nyo- IN the last equations; anduy _ rep-  The coefficients of nonlinear and dispersion terms are given
resent the ions number density and fluid velocity, respeczyg
tively, while the wave potential is expressed gy The den-

sity ny (for o = +,—,p ande) is scaled byn,, (unper-
turbed positive ion density)u, _, ¢ and the variables and

t are scaled by, = (kpT./m)"?, kpT./e and\p, = .
(ijTe/47T€2n+o)1/2 , andw;j = (4me*npo/my )12, re- B= {/\} , a7
spectively, and the positive/negative ion cyclotron frequency (2+24Q)

Q.+ = eBy/(mc) is scaled by . The neutrality condi- 1

tion gives P+ D=B [1 + S‘;QQ + ng . (18)

—0. (15)

(1) 3 5(1) 3 (1)
9¢ + Ba ¢ +D ¢
ox ox3 Ox0Y?

3 3uQ?
A:B[)\‘l_ A

- nesg + 7]pj| s (16)

1:778*77;0+Na (7

where . = n_g/nio. Using the reductive perturbation 3. Solution of ZK equation
method, we shall study the nonlinear propagation of the
IAWSs. According to this method, we use the stretching: Now, we shall illustrate the approach of the ext. HB method to
g o Y obtain a class of exact solutions, including the solitary wave
x=e"(x=A), Y=y, and 7=e'"t, (8) inds for the ZK equation.

where) is the wave velocity andis a small parameter, while Let us first consider the ZK equation

the dependent physical quantities in the model equations are

expanded as Uy + QU + Blgre + Yiayy = 0, (19)
r=r0 1 Z ") (9) we canreduce ZK equation to an O.D.E., using the transfor-

ot mationu(z,t) = U((),( = ax + by — ¥t. So we get

whereI' = {ni,n_,ne,np,us,u_, ¢}’ and ro = _arr (3) 3 /

{1, 1, me, mp, 0,0,0}T . Employing the variable stretching (8) V() + BUT(C)a” + aU QU (C)a

and the expansions (9) in Egs. (1)-(6), we can isolate distinct + 024U ® (Oa =0, (20)

orders ine. The lowest-order if gives

o1 W 1 yvhereﬁ_ represent a constant speed artd+ b*> = 1. By
ny = p¢ ) Ut = X¢ ) integrating the last equation, we have

W _ 1 9oM 1
e T (10) —9U(¢) + iaaU(()z +U"(¢) (a8 + ab®>y) =0. (21)
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By balancing the highest order with the highest degree in
the last equation, we can see that the solution should be in the It is noted that equation (*) is the Riccati equation, which
form can be solved to give us many forms of solutions depending
on the following cases (see [32] for more details):
U = Qo + bo =+ aiw
by (14 w) !+ asw? + bo(1 +w) 2, 22) CasetwhenP=1,M=0

with Cased(ll, lll, andIV): whenPk = (M? — p?)/4.

W =k+Mw+P w2, *) By substituting Eq. (22) in the integrated O.D.E., we ob-
tain an equation inv. Then, the coefficients of* (i =
wherea; andb; are constants, while, M, andP are the pa- 0,1,2,...) will be equated td to get a system of algebraic
rameters to be determined latter= w(¢) andw’ = dw/d¢.  equations that can be solved using MATHEMATICA, to give
|

us:
The first set:
12 (kPBa® + b2kP 12 (a2 P2 + b2~ P2
ap = — ( ﬁa 7)7 CLlZO, blzo, as = — <aﬁ i ),
(6% 6%
by =0, O =8kPfBa®+ 8b’kPva + aaga (23)

The second set:
12 (—P?Ba? + kPBa* — b P%y + b’k P~)

]\4221’37 ag = — o s a1:0, b1:0, CLQZO,
b 12 (k?Ba® + P?Ba® — 2kPBa® + bk + b>P?y — 2b°kP~)
2 — a )
¥ = —8P?fa® + 8kPBa® — 8b*> P*~a + 8v*kPva + aapa. (24)

In Ref. [32], Abdelsalam et al., the method was explained in detail, and four cases regarding the Riccati equation were
discussed. Here, these cases are not discussed as full details of these four cases are already published. Hence, for the first
we can obtain case | solutions willd = 0, P = 1, these solutions (for ZK equation) are: for> 0,

30
w1 (¢) = == sec? (¢/v/[~4afBa? + 871/, (25)
aa
and
39 4 5 5
us(¢) = == ese? (¢//[~4afBa® +707}/7)) (26)
aa
while fork < 0
39 5 5
us(¢) = “—secht (¢/y/[a{Ba? + 757}/ . (27)
30 2 2 2 2 2
us(¢) = == cosh (2¢/v/[a{Ba? + 757}/ ) esch” (¢ /+/Ha{Ba® + 787} /7] ) (28)
fork=0
39
us(C) = %0442~ (29)
Now, the compatibility condition for these solutions in the three other cases (Il & lll & V) is
2,2
Pk = %. (30)
Substituting from the values in the first set in the last equation to get a relatipn:for
M? aag
pr= 2\/4 TG 1) (1)
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which helps us to obtain the following solutions:

For case II:
us(€) = 2% (M + 2tanh [¢//ha(Fa? 409/} )
and
30 2
ur(¢) = = (M +2coth [c/\/{4a(ﬂa2 n ~yb2)/19}]) .

For case lll, the solution will be

39 sinh [C/\/{4a(ﬁa2 + ’yb2)/19}} +Vr2 -1 ’
r + cosh {(/ \/{4a(ﬁa2 + fybz)/ﬁ}}

with the condition thap; = 1.
However, the case |V solutions are

30

aa

2
ug(¢) 7

with the condition thap, = 1, and

(M + coth [¢/v/Taa(Ba? +783)/0}] + cseh(())

319 csch? ((/ 4aBa® + 'ybz]/ﬁ) (—M2 + 4sinh [2(/\/4a{5a2 + 'yb2}/19} M - 4kP)

2

Ulo(C) =

)

with the condition thap; = 2.
For the second set, there no solutions are satisfying case I. Similarly, we can obtain for the second set

_5 a?BM? b2~y M2 n M? n aag
PR TLBa? 1 02y) 4B 02y) 4 12(Ba® + b2y)

Hence, the obtained solutions for ZK Eqn., will be

u11(€) = (ot + ao,
(M = py [M +2tanh {¢/\/4a(Ba 78D/} 1) 2
u12(¢) = il ; + ao,

(M — [M+200th{(/\/m}} p1>

M?2b? (r + cosh [C/\/4a{ﬁa2 +7b2}/19D2 .
ag,

(sinh {C/\/Zla{ﬁaQ + 'yb2}/19] +r2 — 1)2

uys(z,t) =

with conditionp; =1,
b2

u14(¢) = ao + (coth {C/\/éla{ﬁaQ T 752}/19}) + csch (C/ 4a[Ba® + 7b2]/19>27

forp; =1, and
1
u15(¢) = ZMQb2 tanh? (C/ 4a[fBa?® + 'yb2]/19} + ao,

forp, = 2.
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-100

FIGURE 3. The variation of solitary wave profile foj. = 0.4
-1.0 (solid line) andn. = 0.6 (dashes line).
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X

FIGURE 2. The explosive/blowup pulse profile [given by Eq. (33)].
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FIGURE 4. The variation of solitary wave profile fof, = 0.8
4. Numerical results and discussion (solid line) ands,, = 0.84 (dashes line).

To investigate the nonlinear dynamics of IAWSs, the reduc-

tive perturbation technique is used to obtain the ZK equa- ¢
tion for a collisionless, four-component magnetized plasma
model composed of negative and positive ions with electrons
and positrons. The ext.HB method has been used to obtair ;[\
various types of traveling wave solutions for ZK equation
as periodical, singular, rational, and solitary wave solutions.
For example, Eq. (25) represents a periodical solution as de-
picted in Fig. 1, and it is clear that the solution (29) is a
rational-type solution. In Fig. 2, we can notice that the so-
lution (33) is an explosive/blowup solution, while the bal-
ance between the dispersion term and the nonlinear term ir
the PDE gives the soliton solution represented in Eq. (27), . L . (
the balance between nonlinearity and dispersion may be dis-""’ -0 0 0 100

turbed by plasma quantities variatioresd. density, pressure, gigure 5. The variation of solitary wave profile fon = 0.88

temperature, etc). (solid line) andu = 0.9 (dashes line).
Now, to study the properties of the ion-acoustic waves

IAWs, we should focus on the soliton wave pulses repre-  In Fig. 3, we notice that by increasing the electron con-
sented in (27), centration {.), the values of the soliton pulse amplitude and
6 — dosech (C/W), (43) width will decrease, while in Fig. 4, we can see the role of

the electron and positron temperature in variation the pro-
where the amplitude of the soliton pulse is expressed afile of the soliton pulse, it is clear that increasisg makes

¢o = 3¥/aa and the width iV = /4a(Ba? + vb?) /9. the soliton pulse shorter but has no effect on the width of the

041
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6 U. M. ABDELSALAM

notice that when the negative ion concentratioimcreases,
more energy is pumped into the plasma, which leads to en-
hance the amplitude.

5. Summary

In this study, the properties of the IAWs have been investi-
gated for four-component magnetized plasma contains fluid
ions with negative and positive charges in addition to elec-
trons and positrons. The solitary pulses have been described
by the ZK equation, which is solved analytically using the
ext.HB method. The used method extracts many types of
traveling solutions as periodical, singular, rational, and soli-
tary wave solutions. The ZK equation has new solutions that
cannot be obtained by many other methods like tanh, ex-
FIGURE 6. The variation of the soliton width” vs Q. andQ._. tended tanh(G’/G expansion methods. By the numerical
analysis of the obtained solitary wave solution, the effects

wave shape. In Fig. 5, it is clear that the soliton shape isOf some physical parameters have been checked to the propa-

taller and wider by increasing the negative ion concentratiorﬁlﬁzgszngft?ﬁeS::r?fer?tfrgt]iinpgdg; ec?rc?rfsuns;giev;at\;]ee& J;:s
1. However, increasing the values of the magnetic field P

andQ, will decrease the value of the width but does not af-Shape shorter and narrower, while it will be taller and wider

fect the amplitude value. As depicted in Fig. 6, we can se<-t.')y increasing the negative ions, and we can see that the mag-

the effect of the magnetic field on the widt of the soliton netic field affects only the width of the solitary pulse. How-
wave. At the lowest values 61, , IV is found to be high in ever, the effect of the electron-to-positron temperature ratio

value. With the increasing values @f. , W has been found will be on the amplitude of soliton pulse shape. The present
o de(;rease Again, at the lowest vaTL;e;Qofr W is found study should be helpful to understand the properties of the

to be high in value. With the increasing valuessf, , IV nonlinear IAWSs in laboratory plasmas and many astrophysi-

has been found to decrease in values very sharply more thé:r?l plasma systems as in Earth's ionosphere.

found forQ._.
Physically, when the amplitude increases, then the nonAcknowledgement
linearity increases and vis versa. When the physical parame-
ter increases, the amplitude then more energy is pumped intbhe author would like to thank the referees for their valuable
the plasma system, and the nonlinearity increases. We c&®mments, which helped to improve the manuscript.
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