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ABSTRACT

This paper investigated two scalar field cosmological models in f(R,T) gravity
with cosmic transit and varying cosmological constant A(t). The cosmological con-
stant tends to have a tiny positive value at the current epoch. The scalar field pres-
sure p, shows a sign flipping for normal scalar field. For the phantom field, the scalar
potential V'(¢) is negative and the energy density ps = Ej+V takes negative values
when the equation of state parameter wy is less than —1. The WEC, p =", p; > 0
and p; + p; > 0, is not violated but with an instability for the second model at late
times. For a scalar field ¢, the condition pg + py = ps(1 + we) = 2E, > 0 allows
for py < 0if wy < —1. The causality and energy conditions have been discussed for
both models. The cosmology in both models was studied using a given function a(t)
derived from the desired cosmic behavior, which is the opposite of the traditional
view.

RESUMEN

Investigamos dos modelos cosmoldgicos de campo escalar suponiendo
gravedad f(R,T), con transito césmico y constante cosmoldgica A(t) variable. La
constante cosmolégica tiende a un valor pequeno y positivo en el presente. La
presién del campo escalar py cambia de signo para un campo escalar normal. Para
el campo fantasma, el potencial escalar V(¢) es negativo y la densidad de energfa
ps = Ej, +V adquiere valores negativos cuando el pardmetro wy de la ecuacién de
estado es menor que —1. No se viola la WEC, p=>".p; >0y p; + p; > 0, pero se
obtiene una inestabilidad en el segundo modelo, a tiempos tardios. Para un campo
escalar ¢, la condicién pg + py = pg(l + wy) = 2E, > 0 permite una py < 0 si
we < —1. Se discuten las condiciones de causalidad y energia para ambos modelos.
Se estudia la cosmologia en ambos modelos con una funcién dada a(t) derivada del
comportamiento césmico deseado, lo cual es contrario a la visién tradicional.
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1. INTRODUCTION

Accelerated cosmic expansion (Percival et al.
2001; Stern et al. 2010) has become a basic motiva-
tion for a variety of modified gravitational theories
(Nojiri & Odintsov 2006; Nojiri et al. 2008; Ferraro
& Fiorini 2007; Bengochea & Ferraro 2009; De Felice
& Tsujikawa 2010; Alves et al. 2011; Maeder 2017,
Gagnon & Lesgourgues 2011; Ahmed 2009, 2010;
Ahmed & Pradhan 2022; Ahmed & Kamel 2021).
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In order to find a satisfactory explanation, an exotic
form of energy with negative pressure, called dark
energy, was hypothesized. Several dynamical scalar
fields models of dark energy were introduced such
as Quintessence, Phantom and Tachyons (Tsujikawa
2013; Kamenshchik et al. 2001; Caldwell 2002; Chiba
et al. 2000; Sen 2002; Arkani-Hamed et al. 2004;
Ahmed et al. 2023). For a zero curvature FRW uni-
verse driven by a scalar field ¢, Einstein’s equations
are

BH? = JHV(9), H =30 SH3HEV =0
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With units 87TMI§Z2 =c=1 H= % is the Hubble
parameter and V(¢) is the potential. The prime de-
notes differentiation with respect to ¢, and the dots
denote differentiation with respect to t. While this
nonlinear system is insoluble in general, progress can
be made through postulating a particular form of the
scale factor a(t) and then obtaining the form of both
o(t) and V(¢) (Barrow & Parsons 1995; Ellis & Mad-
sen 1991). In Banerjee & Pavén (2001), it was shown
that a minimally coupled scalar field in Brans-Dicke
theory leads to an accelerating universe. A power
function forms of the scale factor a and the scalar
field ¢ were assumed as

o) = dit”, (2)

with a1, ¢1, @ and 8 constants. An accelerated ex-
pansion was also achieved in a modified Brans-Dicke
theory through considering the following power-law
form of both a and ¢ (Bertolami & Martins 2000).

oft) = ag (f) 8(t) = do < ! )6. (3)

0 to

a(t) = ait®,

Cosmology in the scalar-tensor f(R,T) gravity has
been studied in Gongalves et al. (2022) where three
particular forms of a(t) have been used.

1.1. Negative Potentials and Energy Densities

The case of negative potential cosmologies has
become interesting after the prediction of Ads spaces
in string theory and particle physics. Negative po-
tentials also exist in ekpyrotic and cyclic cosmo-
logical models in which the universe goes from a
contracting to an accelerating phase (Steinhardt &
Turok 2002; Khoury et al. 2001). They are com-
monly predicted in particle physics, supergravity and
string theory where the general vacuum of super-
gravity has a negative potential. It has also been
suggested that negative potentials lead to an expla-
nation of the cosmological scale in terms of a high en-
ergy scale such as the supersymmetry breaking scale
or the electroweak scale (Garriga & Vilenkin 2000).
A detailed discussion of scalar field cosmology with
negative potentials was carried out in Felder et al.
(2002). The effect of negative energy densities on
classical FRW cosmology has been investigated in
Nemiroff et al. (2015) where the total energy den-
sity can be expanded as

o0 o0
p= > plam+ D ppa ()

where p; is the familiar positive energy density and
P, is the negative cosmological energy density. The

cosmic evolution with negative energy densities was
also examined in Saharian et al. (2022) where vac-
uum polarization was mentioned as an example for a
gravitational source with p < 0 that may have played
a significant role in early cosmic expansion.

An interesting study was carried out in De La
Macorra & Germén (2022) where the equation of
state parameter is negative (wy = po/py < —1)
with no violation of the weak energy condition
(p=>,pi >0& p; + p; > 0) which requires a neg-
ative potential V(¢) < 0. It has been shown that
P = %q§2 + V(¢) becomes negative with w, < —1,
the negative py leads to a small value of the cos-
mological constant. However, while cosmic expan-
sion exists in such scenario, the negative potential V'
leads to a collapsing universe.

The classical energy conditions are “the null en-
ergy condition (NEC) p + p > 0; weak energy con-
dition (WEC) p > 0, p + p > 0; strong energy con-
dition (SEC) p 4+ 3p > 0 and dominant energy con-
dition (DEC) p > |p|”. Since the SEC implies that
gravity should always be attractive, this condition
fails in the accelerating and inflation epochs (Visser
1997a,b). As was mentioned in Barcelé et al. (2002),
even the simplest scalar field theory we can write
down violates the SEC. The NEC is the most fun-
damental energy condition on which the singularity
theorems, and other key results, are based (Alexan-
dre & Polonyi 2021). If the NEC is violated, all
other point-wise energy conditions (ECs) are auto-
matically violated. A very useful discussion about
the validity of classical linear ECs was given in Bar-
celd et al. (2002) where it was shown that these clas-
sical conditions cannot be valid in general situations.
The scalar field potential V(¢) is restricted by the
ECs where the scalar field ¢ ( with pg = %qSQ + V()
& py = 1¢? — V(¢) ) satisfies the NEC for any
V(¢), the WEC if and only if V(¢) > —14?, the
DEC if and only if V(¢) > 0, the SEC if and only if
Vig) < $2. The detailed proof of this theorem can
be found in Westmoreland (2013).

1.2. A(t) Models

A new model for the time-dependent cosmologi-
cal constant A(t) was proposed in Lopez & Nanopou-
los (1996) using the following ansatz

Ap 1
(t/tp)?

(5)

A starts at the Planck time as Ap; ~ 123[ and leads
to the value Ag ~ 107120M/2, for the current epoch.
The decay of A(t) during inflation and as Bose con-
densate evaporation was studied in Dymnikova &
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Khlopov (2001, 2000). Other models for A(t) have
been suggested in Basilakos et al. (2009; Pan (2018);
Oikonomou et al. (2017); Ahmed & Alamri (2018,
2019a). The following ansatz was first introduced in
Basilakos et al. (2009) where a variety of cosmolog-
ically relevant observations were used to put strict
constraints on A(t) models

A(H) = X+ aH + 38H?, (6)

where H is the Hubble parameter, A, o and (8 are
constants. It has been found in Pan (2018); Basi-
lakos et al. (2013); Gémez-Valent & Sola (2015) that
the zero value of A does not agree with observations,
while A # 0 behaves like the ACDM model at late-
time. Examples of varying A models in terms of the
Hubble parameter H are (Pan 2018)

A(H) = BH +3H*+6H", ncR-{0,1}, (7)
AH,H,H) = a+ BH +6H? + uH +vH. (8)
A generalized holographic dark energy model where
the effective cosmological constant depends on H
and its derivatives was proposed in Nojiri et al.
(2021, 2020, 2022a).
1.3. f(R,T) Modified Gravity

The action of f(R,T) modified gravity is given
as (Harko et al. 2011)

s—/(fl(g;? +Lm)¢fgd4x, (9)

where L, is the matter Lagrangian density. f(R,T)
is an arbitrary function of the Ricci scalar R and
the trace 1" of the energy-momentum tensor 7, is
defined as

oL
Ty = G Lo — 2 ag:;' (10)

Varying the action (9) gives

1
fR(R’ T)RMV - if(R’ T)g/w
+(g;w<> - Vuvu)fR(Ra T)
= 87TT,LL1/ - fT(R> T)T,uu - fT(Ra T)@,um (11)
where & = V'V,, fr(R,T) = %, fr(R,T) =

% and V; denotes the covariant derivative. ©,,
is given by

2
— anﬁ 8#
agl“’agaﬁ

The cosmological equations for f(R,T) = R+ 2h(T)
with cosmological constant A considering a scalar

O = 2T, + guLm (12)

field ¢ coupled to gravity were given in Aygiin et al.
(2018) as

26 a2 0 Y
g =dmeg® =87V (9) +ped? —4uV (@) - A, (13)
36%2:417@52*STFV(QS)*M&*ZLMV(QS)*A, (14)

where h(T) = pT and p is a constant; € = 1 cor-
responding to normal and phantom scalar fields re-
spectively. In the current work, two cosmological
models in modified f(R,T) gravity were investigated
using a given scale factor a(t) deduced from the de-
sired cosmic behavior which is the opposite of the
conventional viewpoint. Such ad hoc approach to
the cosmic scale factor and cosmological scalar fields
was widely used by many authors in various theo-
ries (Ellis & Madsen 1991; Chervon et al. 1997; Sen
& Sethi 2002; Maharaj et al. 2017; Silva & Santos
2013; Ahmed & Alamri 2019b; Sazhin & Sazhina
2016; Ahmed et al. 2020; Ahmed 2020; Ahmed &
Kamel 2021; Ahmed & Pradhan 2020; Nojiri et al.
2022b). We will make use of the following hyperbolic
and hybrid scale factors:

a(t) = Asinh#(gt) .,  a(t) = at™et, (15)
where A, 1, n, a1 > 0, a; > 0 and $; > 0 are con-
stants. The first scale factor generates a class of ac-
celerating models for n > 1; the models also exhibit a
phase transition from the early decelerating epoch to
the present accelerating era in good agreement with
recent observations. The second hybrid ansatz is a
mixture of power-law and exponential-law cosmolo-
gies, and can be regarded as a generalization of each
of them. The power-law cosmology can be obtained
for f; = 0, and the exponential-law cosmology can
be obtained for a; = 0. New cosmologies can be ex-
plored for a; > 0 and B > 0. A generalized form of
the hybrid scale factor has been proposed in Nojiri
et al. (2022b); Odintsov et al. (2021) to unify the
cosmic evolution of the universe from a non-singular
bounce to the viable dark energy

(1 2] 5% L e
@0 to exp (Oé—l) t() ’

(16)
where w, o and t; are various parameters. Setting
to = 1 billion years, this can be re-written as the
product of two scale factors

a(t)=

1 1
a(t) = [1 4 apt®] "7+ x exp {(
o —
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In the current work, we are going to use the ansatz
(6) for the time varying cosmological constant, which
leads to a very tiny positive value of A at the current
epoch as suggested by observations (Perlmutter et al.
1999; Tonry et al. 2003).

2. MODEL 1

Starting with the hyperbolic solution in (15),
which gives the desired behavior of the deceleration
and jerk parameters, we obtain the Hubble, deceler-
ation, and jerk parameters as:

_da  — cosh?(nt) +n

=" coth(nt), ¢=
n

a2 cosh?*(nt)

a 2n? — 3n
P e LT
TE cosh? (nt) (18)

In order to solve the system of equations (13) and
(14) for the scalar field and the potential, we utilize
the hyperbolic scale factor in (15) along with the
time-dependent anstaz for the cosmological constant
(6). Then, we will have a system of two equations
in two unknowns which we have solved using Maple
software and have obtained

_ Fln(e” 4 1) £In(e” — 1)

#0) —2e(dm + p1) To, (19)
Vit)=— (n? (1438) coth? () +2na coth (i) +2(*+4N))
- 16(27+ 1) )
(20)
_ (B8 +1)5°x* + dnax +20°(36 + 5))
i 64(2 + 1)
(16A + 4nax " +7*x (36 + 1))
- 64(27 + 1) ’
(21)
where x = e(@o—®V/=2¢(4m+1) and we have used

t(o) = %ln(q:%) to get the expression for V(¢).
The expression for ¢(t) shows that € can be —1 pro-
vided that (47 + p) > 0, and it can be +1 provided
that (47 +p) < 0. Plotting t(¢) leads to same graph
for both signs (Sen 2002). We also obtain the same
expressions for V(¢) (Ahmed et al. 2023), energy
density p and pressure p for both ¢ solutions. Ac-
tually, Figure 1(g) shows that both solutions for ¢,
although they have a different start, unite in one so-
lution. We can use ¢g = 0 without loss of generality.
Recalling that pgy = E; +V and py = E, — V we

obtain
B ,,72627715
po(t) = _6(471' + p)(em 4 1)2(em — 1)2 — Vi),
o 77262711&
po(t) =~ et s e~ TV O
(22)

The evolution of the cosmological constant in this
work agrees with observations where it has a very
tiny positive value at the current epoch (Figure lc).
The expressions for the parameters ¢, j and the cos-
mological constant in equation (6) are all indepen-
dent of €. The rest of the parameters are all plotted
for e = £1. For ¢ = 41, which corresponds to a nor-
mal scalar field, the scalar field pressure ps changes
sign from positive to negative. We can also see that
V(¢), V(t) and py are all positive where both V()
and pg tend to oo as ¢ — 0. For e = —1, which
corresponds to a phantom scalar field, the pressure
Py > 0 all the time while py takes negative values
when wyg < —1 with a negative scalar potential V. In
the literature, it is known that the vacuum phantom
energy has some unusual physical properties such as
the increasing vacuum energy density, violation of
the DEC p+p < 0 and the superluminal sound speed
(Gonzélez-Diaz 2004).

According to the WEC, the total energy density
and pressure should follow the inequalities p + p =
p(l +w) > 0 and p > 0. For a scalar field ¢, the
condition py + py = py(l + wy) = 2E, > 0 al-
lows for py < 0 if wy < —1 as long as the total
energy density p > 0 with the total equation of state
parameter w > —1. In general, the phantom en-
ergy does not obey the WEC where it has p,n, > 0
but ppn + ppr = Ppr(l + wpn) = 2E; < 0 which
means that the phantom field has a negative (non-
canonical) kinetic term (De La Macorra & Germén
2004). Testing the classical energy conditions (Visser
1997b) shows that both the null and the dominant
are satisfied all the time. The highly restrictive SEC
p+ 3p > 0 is violated as expected where we have a
source of repulsive gravity represented by the neg-
ative pressure, which can accelerate cosmic expan-
sion. Because the strong condition implies that grav-
ity should always be attractive, it is expected to be
violated during any accelerating epoch dominated by
a repulsive gravity effect such as cosmic inflation. In
addition to the ECs, the sound speed causality con-
dition 0 < 92 <1 is satisfied only for ¢ = +1.

The possible values of the parameters in the fig-
ures are restricted by observations, whereas the the-
oretical model should predict the same behavior ob-
tained by observations. For that reason, we have to
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Fig. 1. The hyperbolic solution: (a) The deceleration parameter g shows a decelerating-accelerating cosmic transit. (b)
The jerk parameter approaches unity at late-times where the model tends to a flat ACDM model. (¢) The cosmological
constant reaches a very tiny positive value at the current epoch. (d ), (e) & (f) show py, ps and wg for € = £1. For
the phantom case, the energy density p, = Fr + V < 0 when wy < —1. (g) The two solutions of ¢(t) obtained in Sen
(2002). (h) The scalar potential evolution with time. (g) scalar potential V' verses ¢ . Here n = 2,n =1,¢0 = 0, A =
A=0B=a=0.1, u =15 for e = —1 and —15 for e = 1. The color figure can be viewed online.
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Fig. 2. ECs and sound speed for the hyperbolic model. Superluminal sound speed for the phantom field. The color

figure can be viewed online.

fine-tune the parameters’ values to agree with obser-
vational results. We have taken n = 2 as it allows for
a decelerating-accelerating cosmic transit and also
allows the jerk parameter j to approach unity at
late-times in agreement with the standard ACDM
model. The constants A, 1, and the integration con-
stant ¢ are arbitrary and we have chosen the values
0.1, 1 and O respectively without loss of generality.
The value of the constant p has been adjusted such
that the quantity under the quadratic root in (19) is
always positive for both normal and phantom fields.
If we choose p = 15, then (47 + p) > 0 for the nor-
mal field where e = +1. For the phantom field with
e = —1, we choose pt = —15 so (47 + p) < 0 and
then —2e(4m+p) > 0. As we have indicated in § 1.2,
the zero value of A does not agree with observations
while A # 0 behaves like the ACDM model at late-
time. Based on this, we have chosen the non-zero
value 0.1 for A, § and «.

3. MODEL 2

Considering the second hybrid scale factor in
(15), which also leads to the desired behavior of both
g and j (Ahmed 2020), we get the expressions for H,
q and j as:

(5] a1
H: _— = —
/Bl+ n ,q (ﬂ1t+a1)2
o134 (38t —3) ar?+ (3212 —3Bt+2) ay + 433
(5t+041)3 .

(23)
For the scalar field and the potential, making use of
(6), we get

—e(dm + p)a Int

o) = e(4m + p)

+C, (24)

(36(Bo + 1) + a1 + o) 2
—4(p + 2m)t?
(61 f1 (Bo+ 1) + apar) t
—4(p + 2m)t2
3af (Bo+1)+ o
—4(p +2m)t2

V() =

3B+ 0F) (Bo+ 1)+ aohh
B —4(p + 2m)
&ty (6B0f1 + g +661) + Ao —
—4(p + 2m)

V(9)

, (26)

(101 =) (ptm)
where £ = e V-c1tutm = ¢(¢). Plotting t(¢) leads
to same graph for both signs. Also, both solutions
for ¢ give the same expressions for p and p as

—Q

a1
_— Vi(t).
2e(dm+p)t? V()

2e(4m+p)t?

(27)
In comparison to the first hyperbolic model, a similar
behavior has been obtained for different parameters
in the hybrid model. For ¢ = +1, p, changes sign
from positive to negative indicating a cosmic tran-
sit. V(¢), V(t) and pg are > 0 where both V(¢) and
py —+ 00 ast — 0. For e = —1, py is always pos-
itive while pg takes negative values when wg < —1
with a negative scalar potential V. In the current
work, we argue that the WEC is not violated for the
two models considered with an instability at late-
times for the second model, which now can be seen
in Figure 4(c). The WEC, asserting that the total
energy density p must be non-negative, is challenged
by the notion that a negative term in the energy den-
sity can coexist if the overall energy density remains

V(t), pt)=

p(t)=
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Fig. 3. The second model: (a) A decelerating-accelerating cosmic transit. (b) The jerk parameter j = 1 at late-times.
(c) The cosmological constant reaches a very tiny positive value at the current epoch. (d), (e), & (f) show pg, ps and
we for e = £1. For the phantom case, the energy density py, < 0 when wy < —1. (g) The two solutions of ¢(¢) obtained
in Sen (2002). (h) The scalar potential evolution with time. (g) Scalar potential V' verses ¢ . Here a; = 1 = 0.5,
n=1,¢00=0,A=A=F=a=0.1, u =15 for e = —1 and —15 for e = 1. The color figure can be viewed online.
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Fig. 4. ECs and sound speed for the hybrid model. Negative sound speed for the phantom field. The color figure can

be viewed online.

positive. Figure 4(c) shows that the sound speed
causality condition is satisfied only within a specific
time interval (for late-times) for a normal scalar field,
while it is always violated for the phantom field. The
phantom field, for both the hyperbolic and hybrid
models, has a positive pressure py > 0 and a nega-
tive scalar potential V(). Also, its energy density
pe = Ej + V takes negative values when the equa-
tion of state parameter wy < —1. Figure 4(b) shows
that p; + p; > 0 for both normal and phantom fields.

4. CONCLUSION

We revisited the scalar field cosmology in f(R,T)
gravity through two models. The main points can be
summarized as follows:

e The evolution of the deceleration parameter in-
dicates that a decelerating-accelerating cosmic
transit exists in both models . The jerk pa-
rameter also tends to 1 at late-times, where the
model tends to a flat ACDM model.

e The evolution of the varying cosmological con-
stant in both models shows that it tends to a
tiny positive value at the current epoch.

e The scalar field pressure ps in both models
shows a sign flipping from positive to negative
for a normal scalar field e = +1 , but it’s always
positive for the phantom field e = —1 .

e In both models, the scalar potential V(¢) > 0
fore=+1and <0 fore=—-1.

e For the normal field, pgy > 0 with no crossing to
the phantom divide line for wg. For the phan-
tom field we have py < 0 when wg < —1 .

e (lassical energy conditions have been tested for
both cases. For the hyperbolic model, the sound
speed causality condition 0 < Z—i < 1 is valid
only for € +1. For the hybrid model, this
condition is satisfied only for a specific interval
of time for the normal scalar field.

REFERENCES

Ahmed, N. 2009, Brane-worlds and low energy heterotic
M-theory, PhD thesis, Newcastle University
Ahmed, N. 2010, AIPC 1316, Brane-world Gravity
in Normal Coordinates, 269, https://doi.org/10.
1063/1.3536438
Ahmed, N. 2020, MPLB, 35, 20500007, https://doi.
org/10.1142/50217732320500078
Ahmed, N. & Alamri, S. Z. 2018, RAA, 18, 123, https:
//doi.org/10.1088/1674-4527/18/10/123
. 2019a, IJGMM, 16, 1950159-104, https://
doi.org/10.1142/50219887819501597
. 2019b, Ap&SS, 364, 100, https://doi.org/
10.1007/s10509-019-3590-4
Ahmed, N., Bamba, K., & Salama, F. 2020,
IJGMM, 17, 1750075, https://doi.org/10.1142/
50219887820500759
Ahmed, N., Fekry, M., & Kamel, T. M. 2023, CaJph, 101,
712, https://doi.org/10.1139/cjp-2022-0338
Ahmed, N. & Kamel, T. M. 2021, IJGMM, 18, 1850070A,
https://doi.org/10.1142/502198878215000705
Ahmed, N. & Pradhan, A. 2020, NewA, 80, 101406,
https://doi.org/10.1016/j .newast.2020.101406
. 2022, InJPh, 96, 301, https://doi.org/10.
1007/s12648-020-01948-4
Alexandre, J. & Polonyi, J. 2021, PhRvD, 103, 105020,
https://doi.org/10.1103/PhysRevD.103.105020



INVESTIGATING THE HYPERBOLIC AND HYBRID SCALAR FIELD COSMOLOGIES 225

Alves, M. E. S., Miranda, O. D., & de Araujo, J. C. N.
2011, PhLB, 700, 283, https://doi.org/10.1016/j.
physletb.2011.05.022

Arkani-Hamed, N., Cheng, H.-C., Luty, M. A., & Muko-
hyama, S. 2004, JHEP, 2004, 074, https://doi.org/
10.1088/1126-6708/2004/05/074

Aygiin, S., Aktag, C., Sahoo, P. K., & Bishi, B. K.
2018, GrCo, 24, 302, https://doi.org/10.1134/
S0202289318030039

Banerjee, N. & Pavén, D. 2001, CQGra, 18, 593, https:
//doi.org/10.1088/0264-9381/18/4/302

Barcel6, C., Visser, M., & Ahluwalia, D. V. 2002,
IJMPD, 11, 1553, https://doi.org/10.1142/
S0218271802002888

Barrow, J. D. & Parsons, P. 1995, PhRvD, 52, 5576,
https://doi.org/10.1103/PhysRevD.52.5576

Basilakos, S., Lima, J. A. S., & Sola, J. 2013,
IJMPD, 22, 1342008, https://doi.org/10.1142/
S021827181342008X

Basilakos, S., Plionis, M., & Sola, J. 2009, PhRvD,
8, 083511, https://doi.org/10.1103/PhysRevD.80.
083511

Bengochea, G. R. & Ferraro, R. 2009, PhRvD,
79, 124019, https://doi.org/10.1103/PhysRevD.
79.124019

Bertolami, O. & Martins, P. 2000, PhRvD, 61, 4007,
https://doi.org/10.1103/PhysRevD.61.064007

Caldwell, R. R. 2002, PhLB, 545, 23, https://doi.org/
10.1016/80370-2693(02)02589-3

Chervon, S. V., Zhuravlev, V. M., & Shchigolev, V. K.
1997, PhLB, 398, 269, https://doi.org/10.1016/
50370-2693(97)00238-4

Chiba, T., Okabe, T., & Yamaguchi, M. 2000, PhRVD,
62, 3511, https://doi.org/10.1103/PhysRevD.62.
023511

De Felice, A. & Tsujikawa, S. 2010, LRR, 13, 3, https:
//doi.org/10.12942/1rr-2010-3

De La Macorra, A. & Germén, G. 2004, IJMPD, 13, 1939,
https://doi.org/10.1142/50218271804006061

Demianski, M., Piedipalumbo, E., Sawant, D., & Amati,
L. 2017, A&A, 598, 113, https://doi.org/10.1051/
0004-6361/201628911

Dymnikova, I. & Khlopov, M. 2000, MPLA, 15, 2305,
https://doi.org/10.1142/50217732300002966

. 2001, EPJC, 20, 139, https://doi.org/10.
1007/s100520100625

Ellis, G. F. & Madsen, M. S. 1991, CQGra, 8, 667, https:
//doi.org/10.1088/0264-9381/8/4/012

Felder, G., Frolov, A., Kofman, L., & Linde, A.
2002, PhRvD, 66, 3507, https://doi.org/10.1103/
PhysRevD.66.023507

Ferraro, R. & Fiorini, F. 2007, PhRvD, 75, 084031,
https://doi.org/10.1103/PhysRevD.75.084031

Gagnon, J.-S. & Lesgourgues, J. 2011, JCAP, 09, 026,
https://doi.org/10.1088/1475-7516/2011/09/
026

Garriga, J. & Vilenkin, A. 2000, PhRvD, 61, 083502,
https://doi.org/10.1103/PhysRevD.61.083502

Gémez-Valent, A. & Sola, J. 2015, MNRAS, 448, 2810,
https://doi.org/10.1093/mnras/stv209

Goémez-Valent, A., Sola, J., & Basilakos, S. 2015, JCAP,
2015, 004, https://doi.org/10.1088/1475-7516/
2015/01/004

Gongalves, T. B.; Rosa, J. L., & Lobo, F. S. 2022,
PhRvD, 105, 064019, https://doi.org/10.1103/
PhysRevD.105.064019

Gonzélez-Diaz, P. F. 2004, PhLB, 586, 1, https://doi.
org/10.1016/j .physletb.2003.12.077

Harko, T., Lobo, F. S. N.,; Nojiri, S., & Odintsov,
S. D. 2011, PhRvD, 84, 024020, https://doi.org/
10.1103/PhysRevD.84.024020

Kamenshchik, A., Moschella, U., & Pasquier, V.
2001, PhLB, 511, 265, https://doi.org/10.106/
S0370-2693(01)00571-8

Khoury, J., Ovrut, B. A., Steinhardt, P. J., & Turok,
N. 2001, PhRvD, 64, 123522, https://doi.org/10.
1103/PhysRevD.64.123522

Lima, J. A. S., Basilakos, S., & Sola, J. 2013, MNRAS,
431, 923, https://doi.org/10.1093/mnras/stt220

Lopez, J. L. & Nanopoulos, D. V. 1996, MPLA, 11, 1,
https://doi.org/10.1142/502117732396000023

Maeder, A. 2017, ApJ, 849, 158, https://doi.org/10.
3847/1538-4357/aa92cc

Maharaj, S. D., Goswami, R., Chervon, S. V., & Niko-
laev, A. V. 2017, MPLA, 32, 1750164, https://doi.
org/10.1142/S0217732317501644

Nemiroff, R. J., Joshi, R., & Patla, B. R. JCAP, 06,
006, https://doi.org/10.1088/1475-7516/2015/
06/006

Nojiri, S. & Odintsov, S. D. 2006, PhRvD, 74, 086009,
https://doi.org/10.1103/PhysRevD.74.086009

Nojiri, S., Odintsov, S. D., Oikonomou, V. K., & Paul,
T. 2020, PhRvD, 102, 023540, https://doi.org/10.
1103/PhysRevD.102.023540

Nojiri, S., Odintsov, S. D., & Paul, T. 2021, Symm, 13,
928, https://doi.org/10.3390/sym13060928

. 2022a, PHLB, 825, 136844, https://doi.
org/10.1016/j.physletb.2021.136844
. 2022b, AtOO, 35, 100, https://doi.org/

10.1134/51024856023010062

Nojiri, S., Odintsov, S. D., & Tretyakov, P. V. 2008,
PThPS, 172, 81, https://doi.org/10.1143/PTPS.
172.81

Odintsov, S. D., Paul, T., Banerjee, I., Myrzakulov, R., &
SenGupta, S. 2021, PDU, 33, 100864, https://doi.
org/10.1016/j.dark.2021.100864

Oikonomou, V. K., Pan, S., & Nunes, R. C. 2017,
IJMPA, 32, 1750129, https://doi.org/10.1142/
S0217751X17501299

Pan, S. 2018, MPLA, 33, 1850003, https://doi.org/10.
1142/50217732318500037

Percival, W. J., Baugh, C. M., Bland-Hawthorn, J., et
al. 2001, MNRAS, 327, 1297, https://doi.org/10.
1046/j.1365-8711.2001.04827.x

Perlmutter, S., Aldering, G., Goldhaber, G., et al. 1999,
AplJ, 517, 565, https://doi.org/10.1086/307221



226 AHMED & KAMEL

Saharian, A., Avagyan, R., de Mello, E. B., et
al. Ap, 65, 427, https://doi.org/10.1007/
s10511-022-09751-1

Sazhin, M. V. & Sazhina, O. S. 2016, ARep, 60, 425,
https://doi.org/10.1134/51063772916030136

Sen, A. 2002, JHEP, 07, 065, https://doi.org/10.
1088/1126-6708/2002/07/065

Sen, A. A. & Sethi, S. 2002, PHLB, 532, 159, https:
//doi.org/10.1016/S0370-2693(02)01547-2

Silva, J. G. & Santos, A. F. 2013, EPJC, 73, 2500, https:
//doi.org/10.1140/epjc/s10052-013-2500-0

Steinhardt, P. J. & Turok, N. 2002, PhRvD, 65, 126003,
https://doi.org/10.1103/PhysRevD.65.126003

Stern, D., Jimenez, R., Verde, L., Kamionkowski, M., &
Stanford, S. A. 2010, JCAP, 02, 008, https://doi.
org/10.1088/1475-7516/2010/02/008

Tonry, J. L., Schmidt, B. P., Barris, B., et al. 2003, ApJ,
594, 1, https://doi.org/10.1086/376865

Tsujikawa, S. 2013, CQGra, 30, 214003, https://doi.
org/10.1088/0264-9381/30/21/214003

Visser, M. 1997a, Sci, 276, 88, https://doi.org/10.
1126/science.276.5309.88

. 1997b, PhRvD, 56, 7578, https://doi.org/
10.1103/PhysRevD.56.7578

Westmoreland, S. 2013, Energy Conditions and Scalar
Field Cosmology, Master of Science Thesis, Kansas
State University

Nasr Ahmed: Mathematics and Statistics Department, Faculty of Science, Taibah University, Saudi Arabia.
Nasr Ahmed and Tarek M. Kamel: Astronomy Department, National Research Institute of Astronomy and

Geophysics, Helwan, Cairo, Egypt.



