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ABSTRACT

Mass ratios of widely separated, long-period, resolved binary stars can be di-
rectly estimated from the available data in major space astrometry catalogs, such
as the ESA’s Hipparcos and Gaia mission results. The method is based on the
universal principle of inertial motion of the system’s center of mass in the absence
of external forces, and is independent of any assumptions about the physical pa-
rameters or stellar models. The application is limited by the precision of input
astrometric data, the orbital period and distance to the system, and possible pres-
ence of other attractors in the vicinity, such as in triple systems. A generalization of
this technique to triples is proposed, as well as approaches to estimation of uncer-
tainties. The known long-period binary HIP 473 AB is discussed as an application

example, for which a ma/m; = 0.99670 050 is obtained.

RESUMEN

Los cocientes de masas de las binarias abiertas, de largo periodo, pueden
estimarse directamente a partir de datos precisos de los catdlogos astrométricos
mas importantes, como el Hipparcos de ESA, y los catdlogos de la mision Gaia.
El método se basa en el principio del movimiento inercial del centro de masa del
sistema en ausencia de fuerzas externas, y es independiente de suposiciones sobre
pardametros fisicos o modelos estelares. Su aplicacién estd limitada por la precisién
de los datos astrométricos, el periodo orbital y la distancia al sistema, asi como por
la posible presencia de otros atractores, como en los sistemas triples. Se propone
una generalizacién del método a sistemas triples, y se discuten maneras de estimar
las incertidumbres. Se estudia como ejemplo la bien conocida binaria de largo

perfodo HIP 473 AB, para la cual se obtiene un cociente ma/m; = 0.99670 030
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1. INTRODUCTION

The majority of stars in the Galaxy have masses less
than the solar mass. Almost half of the regular so-
lar type field stars are also components of binary or
multiple gravitationally bound systems (Tokovinin
2014). A binary star’s orbit and ephemerides are
described by seven orbital parameters (elements).
From the astrometric point of view, an additional
five parameters representing the position at a given
epoch, proper motion, and parallax of the barycenter
are required to completely characterize the absolute
location of the components on the celestial sphere
at a given time. The most important elements for

astrophysical investigations are the size (semimajor
axis), the period, and the eccentricity. The former
two yield the total mass of the binary via Kepler’s
third law. But the distribution of masses between
the components often remains unknown, because the
barycenter is not directly available from astrometric
observations. In some rare cases, the mass ratio can
be directly inferred from spectroscopic radial veloc-
ity measurements for double-lined spectroscopic bi-
naries (SB2) of similar brightness, which limits this
method mostly to pairs of similar masses. When a
good astrometric orbit, which is differential for re-
solved pairs, is also available for an SB2, accurate
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individual component masses can be obtained, pro-
viding valuable and still rare data for astrophysics.
Furthermore, detached eclipsing binaries have a spe-
cial status because not only precise individual masses
but also physical dimensions can be obtained (Torres
et al. 2010) and stellar evolution theory can be put
to test, with the number of suitable objects counting
in dozens.

Wide binaries with periods longer than 100 yr are
harder to characterize, even if they are resolved in
general astrometric catalogs. Both astrometric and
spectroscopic observations should be decades long to
produce robust orbital solutions and mass ratio es-
timates. Techniques have been proposed to statis-
tically estimate or constrain some of the essential
parameters. For example, the relative velocity of
components can be used to estimate the eccentricity
(Tokovinin 2020). Apart from the traditional posi-
tion measurements, astrometric catalogs provide in-
formation about the apparent acceleration of stars,
which can be used to detect previously unknown
binary systems from the observed change of their
proper motions (Wielen et al. 1999) and, in some
cases, to set constraints on the masses of unresolved
companions (Makarov & Kaplan 2005). Apparent
angular accelerations were introduced into the ba-
sic astrometric model for the first time in the Hip-
parcos main mission. As a detection tool for new
binaries they proved partially successful, as some
of them could not be confirmed by high-resolution
and spectroscopic follow-up observations, but more
sophisticated statistical analysis can produce more
efficient selections of candidates (Fontanive et al.
2019). Physical accelerations can also be used to
estimate component masses in several specific cases
when combined with astrometric acceleration data,
epoch position measurements, and spectroscopic ra-
dial velocity observations (Brandt et al. 2019).

The goal of this paper is to demonstrate that ac-
curate mass ratios can be derived for resolved long-
period binary stars from precision astrometry at two
separate epochs, e.g., from the data in the Hippar-
cos (ESA 1997) and Gaia EDR3 (Gaia Collabora-
tion et al. 2021) catalogs, for potentially thousands
of objects. No astrophysical assumptions or addi-
tional data are needed for this method, and only the
absolute positions are required from the first-epoch
catalog. As a side product, the proper motion of the
system’s barycenter is obtained, which can be used in
kinematic studies of binary members of nearby open
clusters, for example. The main conditions of appli-
cability are that the orbital period should be much
longer than the duration of each astrometric mission,

which is about 4 years for the considered example,
and that the system should be close enough to pro-
duce measurable changes in the apparent orbital mo-
tion of the components. The method is presented in
§ 2. Its specific application is described on the exam-
ple of a known nearby multiple star HIP 473 in § 3.
Realistic estimation of the resulting mass ratio error
(uncertainty), taking into account the full variance-
covariance matrix of the input data, is essential, and
a Monte Carlo-based technique is described in § 4.
§ 5 describes a generalization of this method to triple
systems, in which case mass ratios of two compo-
nents can be directly computed, or approximately
estimated using a weighted generalized least-squares
adjustment within the Jacobi coordinates paradigm.
The prospects of applying this new method to ex-
tensive surveys and space astrometry catalogs are
discussed in § 6, as well as possible caveats related
to the required absolute character of the utilized as-
trometric data.

2. MASS RATIOS FROM ASTROMETRY

Let a binary star system with two components
1 = 1,2 have position unit-vectors r;; in two astro-
metric catalogs, j = 1,2, at epochs t; and ty. If
T0; is the mean position of the barycenter at these
epochs, the vectors p;; = 7;; —ro; represent the an-
gular separations of the components, which are, to
a very good approximation, equal to the projected
orbital radii!. The projection onto the tangent plane
preserves the center of mass definition, so that

mypy; + mepy; =0, (1)

where m; is the mass of the ith component. The
barycenter’s proper motion

To2 — To1
Mo = N (2)

where At is the epoch difference ¢ — 1, is assumed
to be constant in time, which is also a good approxi-
mation for realistic epoch differences. The projected
orbital motion of component i at epoch j is

'l/)ij = Hi; — Ko (3)

where p;; is the observed proper motion. From dif-
ferentiating equation 1 in time, we can see that

mythy; + mathy; = 0. (4)

1 The small difference caused by the the curvature of the
celestial sphere and the non-orthogonality of these vectors to
T0; can be safely neglected.
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Dividing this equation by m; and introducing
g = m2/my one obtains

Myt qRgy

1+¢ (5)

Ho
Taking the difference of equations 1 between the two
epochs, dividing it by m;, and substituting equa-
tion 5 results in

ri2 — 711+ q(roe —7T21) = (qu + quj)At. (6)

All the terms in this equations are known from ob-
servation except ¢, which makes an overdetermined
system of up to four condition equations with one
unknown. Unfortunately, the proper motions of vi-
sual binaries in the Hipparcos catalog, which is used
as the first-epoch catalog, are too unreliable to be
used with this method (Makarov 2020), so that only
7 = 2 can be used, leaving two condition equations.
Introducing the long-term apparent motion of the
component v; = (r;3 — r;1)/At, the exact solutions
for ¢ can be written as

_ Hi2 — V1 (7)
Va — Hag

Note that we have not made any assumptions about
the masses of component in this derivation, and the
estimated g can be negative. The vectors in the nu-
merator and denominator are not parallel because of
observational errors, which effectively leads to two
equations when their coordinate projections are con-
sidered. The two emerging estimates of ¢ can be av-
eraged with weights; however, as we will see in the
example of HIP 473, one of the projections can be
practically useless when the orbital acceleration is
almost aligned with the other coordinate direction.
It is simpler to use the ratio of the norms of the two
calculated vectors:

_ ||ﬂ12 _V1H. (8)
[v2 — posll

Alternatively, a more complex approach can be con-
sidered, involving projections of the two observed
vectors onto a common unit vector, which minimizes
the variance of ¢ from the combined contribution of
the corresponding error ellipses. The degree of mis-
alignment, which is defined as

n = arccos (v1 - va/ (||| [[v2]), 9)

where v; and vs are the vectors in the numerator and
denominator of equation 7, is a useful diagnostic of
the reliability of estimation.

3. APPLICATION TO THE WIDE BINARY
SYSTEM HIP 473

The long-period binary star HIP 473 = HD 38 =
WDS 0005744549 is one of the better studied sys-
tems due to its proximity and brightness. It con-
sists of two well-separated (p = 6.041") late-type
dwarfs A and B of spectral types K6V and M0.5V
(Joy & Abt 1974; Keenan & McNeil 1989; Tamazian
et al. 2006). Earlier spectroscopic observations sug-
gested twin component of the same spectral type
MO (Anosova et al. 1987). Kiyaeva et al. (2001)
used multiple photographic position measurements,
as well as previously available radial velocity esti-
mates from Tokovinin (1990), to produce a first re-
liable orbital solution for the inner pair, as well as
preliminary estimates for the orbit of a distant phys-
ical tertiary known as component F in the WDS.
The latter has only a very short segment available
from astrometric observations due to its very long
period. The method of Apparent Motion Param-
eters specially designed by Kiselev (1989); Kiselev
& Kiyaeva (1980) for such poorly constrained solu-
tions was employed, which required the knowledge
of the center of mass for the AB pair. Kiyaeva et al.
(2001) assumed equal masses for the A and B com-
panions, which was a guess based on the spectro-
scopic and photometric similarity of these stars (cf.
Luck 2017; Cvetkovié¢ et al. 2019). For the inner pair,
they estimated a semimajor axis a = 6.21 & 0.77",
a period P = 509.65 + 96.99 yr, and an eccentricity
e = 0.22 + 0.04. Their assumption about the rel-
ative masses of these components allowed them to
draw interesting conclusions about the relative incli-
nation of the inner and outer orbits. The estimated
total mass 1.4 M, on the other hand, appears to be
higher than what the spectral type would suggest.
The primary star HD 38 was already included in the
first edition of the Catalog of Chromospherically Ac-
tive Binary Stars by Strassmeier et al. (1988). The
signs of chromospheric activity in M dwarfs, such as
Ha emission lines and detectable X-ray radiation, are
often related to rapid rotation fueled by a close orbit-
ing companion. More recent radial velocity measure-
ments indicate that both A and B companions may
be binary systems (Sperauskas et al. 2016), which
would make the entire system at least quintuple.
Owing to its brightness and relatively wide separa-
tion, the AB pair has been vigorously pursued with
speckle and direct imaging CCD camera astrometry
(Mason et al. 2007; Cvetkovié et al. 2011; Mason et
al. 2012; Hartkopf & Mason 2015) aiming at a better
characterization of its orbit and component masses.
Despite this effort and many decades of observation,
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there is some ambiguity about the orbit. A much
shorter-period orbit with a higher eccentricity was
proposed by Izmailov (2019): P = 370.7yr, e = 0.48.
Consequently, the total mass for this version is sub-
stantially smaller, yielding a mass of ~ 0.6 Mg for
each component, when equally divided. There is
no observational information about the mass ratio.
Potentially, this parameter can be estimated from
the gradient of individual radial velocities, which re-
quires a similarly persistent multi-year spectroscopic
campaign. It can also be obtained from equation 8
using publicly available astrometric data from the
Hipparcos and Gaia EDR3 catalogs.

We begin by extracting the RA and Dec coor-
dinates for both components at the corresponding
mean epochs 1991.25 and 2016. The separation
barely changed in the intervening 24.75 years, but
the relative orientation did change because of the or-
bital motion by approximately 10° in position angle.
These coordinates are used to compute the long-term
proper motions vectors v, and v5. They happen to
differ from the short-term proper motions taken di-
rectly from Gaia EDR3 by several mas yr~!, which
is a large multiple of their formal errors. The high
signal-to-noise ratio hints at an accurate determina-
tion (§4). Indeed, the orbital signal for both compo-
nents exceeds 5 mas yr—! in the declination coordi-
nate, which is much greater than the formal errors.
The computation of ¢ by equation 8 is straightfor-
ward resulting in ¢ = 0.996. The measure of mis-
alignment 7 (equation 9) caused by the astrometric
errors is comfortably small at 2.5° .

Binaries with near-twin components, such as the
HIP 473 AB system, are more amenable to the pro-
posed astrometric estimation of ¢ because the ob-
served signal is more equally distributed between the
components in equation 8. Numerous systems with
small ¢ values are harder to process because the sig-
nal in the numerator becomes too small compared to
the expectation of observational error. Apart from
the misalignment parameter 7, a useful quantity to
filter out unreliable solutions is the empirical signal-
to-noise (SNR) parameter, which can be calculated

as SNR = /vy C7'v;. On the other hand, low-

mass companions are often much fainter than the
primaries, and the quality of Hipparcos astrometry
quickly deteriorates for magnitudes approaching the
sensitivity limit H, ~ 11 mag.

4. ESTIMATION OF UNCERTAINTIES

The estimated mass ratio is the ratio of two random
variables (equation 8) derived from the astrometric

data in two separate catalogs. Given the complete
variance-covariance matrices of the astrometric pa-
rameters, it is possible to analytically estimate the
resulting variance of ¢ in the large signal-to-noise
approximation, because the numerator and denomi-
nator are assumed to be statistically independent?.
A more general and reliable approach, which is pre-
sented in this section, utilizes Monte Carlo simula-
tions and confidence interval estimation. It is valid in
the low signal-to-noise regime too, providing an addi-
tional indication of problematic cases. The greatest
weakness of both techniques is the underlying as-
sumption of Gaussian-distributed noise in the input
data.

The five astrometric parameters for a regular so-
lution are indexed 1 through 5 in this order: right
ascension coordinate, declination coordinate, paral-
lax, proper motion in right ascension, proper motion
in declination. The associated covariance matrix C'
is a 5x 5 symmetric matrix that can be reconstructed
from the 5 formal standard errors and 10 correlation
coefficients given in the catalog. For the first-epoch
catalog (Hipparcos), we only need the position co-
variances from the block in the intersection of 1st
and 2nd rows and 1st and 2nd columns, which is de-
noted as (1,2;1,2) here. The second-epoch catalog
(Gaia) contributes three 2 x 2 blocks, namely, the
position covariance (1,2;1,2), the proper motion co-
variance (4,5;4,5), and the off-diagonal position —
proper motion covariance (1,2;4,5). The total co-
variance of vector v; is then

Cov[v;] =Ci1(1,2:1,2)At % + Cio1,2:1,2) AL+

Cira545) — 2Ci2(1,2;4,5)At_1-
(10)

For the HIP 473 binary, I computed these co-
variances from the data in the Double and Multiple
System Annex (DMSA) of the Hipparcos catalog and
the Gaia EDR3 catalog. DMSA does not provide the
correlations C'y(1;2), so I used the correlation coef-
ficient from the main catalog for the primary com-
ponent (A), which is —0.05, and assumed the same
value for the B component. For each component,
2000 random N (0, 1)-distributed 2-vectors were gen-
erated. If p is one of such vectors, a single randomly
generated realization of v; with Gaussian additive er-

2In truth, the astrometric data for nearby stars in a space
mission astrometric catalog are always positively correlated
because of the common attitude and calibration unknowns
in the condition equations. Since the global normal equations
are not available, these correlations are not accurately known,
and are usually neglected.
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Fig. 1. Monte Carlo simulated distribution of the mass
ratio ¢ for the binary star HIP 473 with nominal astro-
metric parameters and variance-covariance matrices from
the Hipparcos DMSA and Gaia EDR3. 2000 random tri-
als were computed for each of the two components.

number per bin

rors is v; +Cov|v;]'/?-p*. Each of these realizations

results in a randomly dispersed ¢ by equation 8.

Figure 1 shows the histogram of 2000 Monte
Carlo estimates of g for HIP 473 with astrometry
from Hipparcos and Gaia EDR3. The sampled dis-
tribution is bell-shaped and fairly symmetric with
a well-defined core. The standard deviation errors
on the negative and positive sides can be estimated
directly from the 0.1573 and 0.8427 quantiles of the
sampled distribution, which are not necessarily equal
in absolute value. The result for this binary star is
q = 0.99670 055, Alternatively, we deduce from the
0.01 quantile that ¢ > 0.935 with a 99% confidence
given the data in Hipparcos and Gaia EDR3. The
major part of the uncertainty comes from the posi-
tion errors of the Hipparcos catalog.

5. GENERALIZATION FOR TRIPLE STARS

The orbital motion of isolated hierarchical triple star
systems is long-term non-Keplerian, with the trajec-
tories subject to secular changes of sometimes dras-
tic character, including flips of inner orbit orienta-
tion and reversal of orbital spin (Naoz et al. 2013).
On time scales of one orbital revolution and shorter,
however, the inner and outer trajectories can be well
approximated with Kepler’s orbits of fixed elements.
Within this approximation, the paradigm of Jacobi
coordinates simplifies the consideration of relative
orbital motion. We consider a mathematical center
of mass of the inner pair components 1 and 2, which

3The matrix square root of « is computed by functions
sqrtm(x) in MATLAB or MatrixPower [x, 1/2] in Mathemat-
ica.

is located at rg. This point is involved in orbital
motion with the tertiary at r3 around the barycen-
ter of the entire triple system at rp as if there were
a physical body of mass mj + mo. For the proper
motions, we can write

m3 iz + (M1 +ma) prg = 0, (11)

where ft5 and i are the proper motion parts caused
by the projected orbital motion, and index j defin-
ing the epoch of observation is dropped for brevity.
Like in a two-body problem, the actual or “observed”
proper motions are

ps = pp+ s,

Mo = Hp T Ly, (12)
where index B denotes the current center of mass
of the entire system. Within the Jacobi coordinates

paradigm, the observed components of the inner pair
are

Hy = po+ g,
Mo = o+ [y, (13)

with the orbital components still obeying the local
inertial motion condition

mift; +mafty = 0. (14)
This leads to the general equation
mipy + mapy + mapg = (M1 + ma + m3)pg, (15)

despite the vectors connecting 0 with 3 and 1 with 2
being possibly not coplanar. This can also be derived
by differentiating the position equation in time:

miT;+maera;+mars; = (my+ma+ms)r;p. (16)

Taking the difference between epochs 1 and 2 results
in

mivy + movs + mavs = (my + mo + ms)pg, (17)

where we assumed that the system’s barycenter
moves along a linear trajectory in space with a con-
stant velocity. Eliminating the unknown barycenter
proper motion in equations 15 and 17 leads to the
final condition equations

(V2 — po) +q3(vs — pg) = —(v1 — ). (18)

There are two unknowns, ¢z = mg/m; and
gs = mg/mq, and two equations, so an explicit so-
lution is available. This would neglect the uncer-
tainties of the vectors both in the condition and the
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right-hand part of the equations. Alternatively, a
generalized least-squares solution can be applied uti-
lizing the known covariances. This can be techni-
cally realized as a least-squares solution with a left-
multiplied non-diagonal weight matrix 27!, which
is the inverted sum of all three individual covari-
ance matrices, 2 = C1 + Cy + C3, each computed
by equation 10. The solution is then [g2,q3] =
(X'Q7'X) X' Q 'y, where X is the design ma-
trix and y the right-hand part of condition equations
18. The main limitation of this method comes from
the fact that the components of v3 — pu; appear in
the denominator of the explicit solution. The or-
bital motion of tertiary stars may be so slow that
only the nearest hierarchical systems are suitable for
this analysis. On the other hand, a weak signal for
the tertiary allows one to ignore the apparent accel-
eration of the inner pair due to its presence, and to
apply the algorithm for isolated binary systems.

6. DISCUSSION AND FUTURE WORK

The proposed method of mass ratio estimation for re-
solved binary stars requires only precision astromet-
ric positions from two separate epochs and proper
motions from one epoch. It is free of any astrophysi-
cal assumptions or models about the physical param-
eters of the component stars. It should be empha-
sized, however, that the astrometric data need to be
absolute, not differential. In other words, the com-
ponents’ positions and proper motions should be ref-
erenced to a well-established, non-rotating celestial
reference frame. This brings up the issue of reference
frame consistency between the available astromet-
ric solutions. The most obvious application is the
Hipparcos-Gaia pair, now separated by 24.75 years.
The alignment of these important optical frames
remains an open issue. Gaia DR2 and Hipparcos
have a statistically significant misalignment, which
emerges when Gaia positions of brighter stars are
transferred to 1991.25 and compared with Hipparcos
mean positions (Makarov & Berghea 2019). Based
on archival VLBI astrometry of 26 selected radio
stars (which are optically bright), Lindegren (2020)
concluded that the Gaia DR2 proper motion field
includes a rigid spin of approximately 0.1 mas yr—!
for brighter stars only. Therefore, the global spin of
the Gaia EDR3 frame was technically adjusted by a
similar amount via a specific instrument calibration
parameter for brighter stars (G < 13 mag, Lindegren
et al. 2020). If the origin of this systematic error
is correctly identified, this ad hoc correction should
remove the estimation bias of q. There remains a
possibility that the discrepancy comes in part from a

misalignment of the Hipparcos frame, or Gaia EDR3
frame, or both, with respect to a common inertial
reference frame. Even though the systematic error is
practically equal for the two components of a binary
system, it comes with a different sign with respect
to the true orbital signal v; — u;, and the impact
may be significant. For example, the estimated mis-
alignment of the Gaia frame by 1.4 mas results in a
perturbation in the components’ orbital signal of up
to 57 pas yr~!, which can be critical for nearby long-
period pairs such as HIP 473. Further progress and
performance improvement depends on our ability to
evaluate and correct the remaining orientation mis-
alignments and spins of the optical reference frames.

Resolved triple systems can be processed as well
providing both mass ratios for the companions. Un-
resolved and unrecognized triples, on the other hand,
are a threat to the proposed method because the ob-
served proper motions are perturbed by the orbital
motion of the close binaries. The effective perturba-
tion is not always easy to estimate even for known
single-lined spectroscopic orbits, as the photocenter
effect is magnitude- and color-dependent. If the or-
bital period of the inner pair is shorter than the mis-
sion length (about 4 years), the perturbation may
be significantly averaged out, so that the estimated
mass ratio may still be of value. The inner orbital
perturbation tends to statistically increase the norm
of the proper motion difference. If the primary (more
massive component) is a tight binary, this perturba-
tion mostly increases the estimated ¢, sometimes re-
sulting in values much exceeding 1. On the contrary,
unresolved orbital motion of the secondary would de-
crease the estimated mass ratio, leading to an excess
of systems with nearly zero q. The proposed SNR
parameter is not helpful in such cases, but the mis-
alignment angle 1 remains an efficient tool for vetting
perturbed and unreliable solution. Therefore, this
method can be used to identify hidden hierarchical
triples among resolved double stars.

The method of astrometric mass ratio determi-
nation described in this paper requires absolute po-
sitions of components at two epochs separated by
a significant fraction of the orbital period, plus a
proper motion from one of the epochs. This points
to the Hipparcos-Gaia combination as the most ob-
vious source of data. Numerous differential observa-
tions with speckle cameras, adaptive optics imaging,
or long-base interferometry cannot be used, unfor-
tunately, unless they are “absolutized” by direct or
indirect reference to a well-established realization of
the inertial celestial frame. For example, HST im-
ages of fainter binaries can be reprocessed using the
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Gaia sources in the field of view as astrometric ref-
erence. VLBI measurements of double radio sources
are mostly obtained in the phase-reference regime
and are anchored to the nearby ICRF calibrators.
Furthermore, this method can be trivially general-
ized for three separate epochs of position astrometry
without the need for precision proper motions.

Accurate mass ratio estimation requires a suf-
ficiently high signal-to-noise ratio. The main con-
tribution to the estimation uncertainty for the
HIP 473 AB pair, used as an example in this paper,
comes from the formal errors of Hipparcos positions.
This cannot be improved, and the application is cur-
rently limited to nearby systems and binaries with
orbital periods within a few hundred years. For a cir-
cular face-on orbit with a period much longer than
the epoch difference (At << P), the total proper
motion change can be estimated as

Ap~ (212 M3wALP~3. (19)

We also note that binaries with near twins are
favourable for this method, because the Ap sig-
nal is more evenly distributed between the compan-
ions. Among the future plans, the proposed Gaia-
NIR space astrometry mission holds the best promise
(Hobbs et al. 2019; McArthur et al. 2019). Having
two epochs of absolute astrometry at the Gaia’s level
of accuracy separated by 25-30 years will lead to the
characterization of millions of fainter and more dis-
tant binaries.
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