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ABSTRACT

The main aim of this paper is to propose a new approach for the ranking of exponential vague sets. The concepts of
exponential vague sets and arithmetic operations between two exponential vague sets are introduced. The
shortcomings of some existing ranking approaches for the ranking of generalized fuzzy sets and intuitionistic fuzzy
numbers are pointed out. The proposed method consider not only the rank but also the decision maker optimistic
attitude and it is shown that proposed ranking approach is more intuitive and reasonable as compared to existing
ranking approaches. Also the proposed ranking function satisfies the reasonable properties for the ordering of fuzzy
quantity. For practical use, proposed ranking approach is applied to decision making problem.

Keywords: Fuzzy sets, vague sets, exponential vague sets, intuitionistic fuzzy numbers, ranking functions, decision
making problems.

RESUMEN

El objetivo principal de este trabajo es proponer un nuevo enfoque para la clasificacion de los conjuntos inciertos
exponenciales. Se introducen los conceptos de conjuntos inciertos exponenciales y operaciones aritméticas entre dos
conjuntos inciertos exponenciales. Se sefialan las deficiencias de algunos enfoques de clasificacion existentes para
la clasificacion de los conjuntos difusos generalizados y de los numeros difusos intuicionistas. EI método propuesto
toma en cuenta no solo el rango, sino también el enfoque optimista para toma de decisiones y se muestra que el
enfoque de clasificacion propuesto es mas intuitivo y razonable en comparacion con los enfoques de clasificacion
existentes. Asimismo, la funcién de clasificacion propuesta satisface las propiedades razonables para el
ordenamiento de la cantidad difusa. Para usos practicos, el enfoque de clasificacion propuesto se aplica al problema
de toma de decisiones.

1. Introduction

The theory of fuzzy sets was first introduced by
Zadeh [37] in 1965. Since then, the theory of fuzzy
sets is applied in many fields such as pattern
recognition, control theory, management sciences
and picture processing, etc. In the field of fuzzy
mathematics many mathematical theory such as
fuzzy optimization, fuzzy topology, fuzzy logic,
fuzzy analysis and fuzzy algebra etc. are obtained
[3, 10, 14, 22, 23, 29, 32, 35]. In many applications
of fuzzy set theory to decision making, we are
faced with the problem of selecting one from a
collection of possible solution, and in general we
want to know which one is the best. This selection
process may require that we rank or order fuzzy
numbers. In order to rank fuzzy numbers, one
fuzzy number needs to be evaluated and
compared to others but this may not be easy. As
known, the real numbers in can be linearly ordered

by, however, fuzzy numbers cannot be done in
such a way. Since fuzzy numbers are represented
by possibility distributions, they can overlap with
each other and it is difficult to determine clearly
whether one fuzzy number is larger or smaller than
the other.

To the task of comparing fuzzy numbers, many
authors proposed fuzzy ranking methods [5, 6, 8,
9, 12, 15, 16, 17, 18, 20, 25, 30, 31, 34]. But
among all the methods, most of them consider only
one point of view on comparing fuzzy quantities in
spite of the different demand of the decision
maker, so some improved methods have been
brought forward which lead to produce different
rankings for the same problem. Until now, there
have not one unify method to this problem. Fuzzy
set theory [37] has been shown to be useful tool to
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handle the situations, in which the data is
imprecise, by attributing a degree to which a
certain object belongs to a set. In real life, a
person may assume that an object belongs to a
set, but it is possible that he is not sure about it.
In other words, there may be hesitation or
uncertainty thatwhether an object belongs to a set
or not. In fuzzy set theory, there is no means to
incorporate such type of hesitation or uncertainty.
A possible solution is to use intuitionistic fuzzy set
[2] and vague set [11]. Bustince and Burillo [4]
pointed out that the notion of vague set is the
same as that of intuitionistic fuzzy set. Lu and Ng
[21] proved that vague sets is more natural than
using an intuitionistic fuzzy set. Several authors
[19, 24, 27, 28] have proposed different methods
for the ranking of intuitionistic fuzzy sets but to the
best of our knowledge till now there no method in
the literature for the ranking of vague sets.

The main aim of this paper is to propose a new
approach for the ranking of exponential vague
sets. The concepts of exponential vague sets and
arithmetic operations between two exponential
vague sets are introduced. The shortcomings of
some existing ranking approaches [8, 19] for the
ranking of generalized fuzzy sets and
intuitionistic fuzzy numbers are pointed out. Also
it is shown that proposed ranking approach is
more intuitive and reasonable as compared to
existing ranking approaches Rest of the paper is
organized as follows: In Section 2, some basic
definitions related to generalized fuzzy sets,
intuitionistic fuzzy sets, vague sets and
arithmetic operations between vague sets are
presented. In Section 3, a brief review of the
existing approach [8] for the ranking of
generalized trapezoidal fuzzy numbers and the
existing approach [19] for the ranking of
intuitionistic fuzzy numbers are presented. In
Section 4, the shortcomings of existing
approaches [8, 19] are discussed. In Section 5, a
new approach is proposed for the ranking of
exponential vague sets. In Section 6, it is proved
that the proposed ranking function satisfies the
reasonable properties for the ordering of fuzzy
quantities and results are compared with some
existing approached. In Section 7, an application
of proposed ranking method to decision making
is presented. Section 8 draws the conclusions.

2. Preliminaries

In this section some basic definitions related to
generalized fuzzy sets, intuitionistic fuzzy sets,
vague sets and arithmetic operations between
exponential vague sets are presented.

2.1 Generalized Fuzzy Sets

Definition 1. [6] A fuzzy set 4, defined on the
universal set of real numbers R, is said to be a
generalized fuzzy number if its membership
function has the following characteristics:

1. &, : R —>[0,w]is continuous.
2. pu,(x)=0, forall xe(—wo,a]uld,).

3. u,(x)is strictly on[a,b]and strictly decreasing
on [c,d].

4. u,(x)=w,forallxe[b,c], where 0 <w<1.

Definition 2. [6] A generalized fuzzy number,
denoted asAd=(a,bc,d;w)is said to be a

generalized trapezoidal fuzzy number if its
membership function is given by

w(x —a)

(b-a)

,a<x<b,

_w ,b<x<e,
H(x) = Wi —d)
(c=d)’

0 , otherwise

c<x<d,

2.2 Intuitionisitic Fuzzy Sets

Definition 3. [19] An intuitionistic fuzzy set
A={(x,1,(x),v 4(x)) | x € X } on the universal set X is

characterized by a truth membership
function u,(x), &, (x): X —[0.1] and a false

membershipv ,(x),v,(x): X - [0,1]. The values
u,(x) and v, (x)represents the degree of

membership and degree of non-membership of x
and always satisfies the condition ¢, (x)+v, <1. The

value 1-u,(x)+v, represents the degree of
hesitation of xe X .
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Definition 4. [19] An intuitionistic fuzzy set4,
defined on the universal set of real numbersR,
said to be triangular intuitionistic fuzzy number,
denoted as A=(a,b,c;wyu), if degree of
membership and degree of non-membership are
given by:

w(x —a)
(b—a)

w ,x=D>b,

,a<x<b,

mm=whﬂ

(c=b)
0 , otherwise

,b<x<ec,

and

(b—x+u(x—a))
(b-a)

u ,x=b,

w b<x<c
(c—d) ’ -7

1 , otherwise

,a<x<b,

V4(x)=

respectively. The values wandurepresent the
supremum of the degree of membership and the
infimum of the degree of non-membership
membership, respectively.

2.3 Vague sets and exponential vague sets

Definition 5. [11] A vague set
A={(x, 1,(x).] v 4(x))| x € X} on the universal

set Xis characterized by a truth membership
function g, (x),u,(x): X —>[01] and a false
membership v (x),v,(x): X —>[0,1]. The values
H,(x) and v, (x)represents the degree of
membership and degree of non-membership of x
and always satisfies the condition x,(x)+v,<1. The
value 1-pu,(x)+v, represents the degree of
hesitation of x e X .

Definition 6. [11] A vague set A4, defined on the
universal set of real numbers R, denoted as
A=(a,b,c,d;A,p), where a<b<c<dand A<p,

is said to be a triangular vague set if degree of
membership, x,(x), and complement of the

degree of non-membership, 1-v ,(x), are given by

A(x—a)
(b—a)
A ,x=b,
A(x—c¢)
(b-c)
0 , otherwise

,a<x<b,

Ha(x)=

b<x<ec,

and

px—a)
(b-a)’
P ,x=b,
plx—c)
(b-c)
0 , otherwise

a<x<b,

l-v,(x)=
,b<x<e,

Definition 7. A vague set A4, defined on the
universal set of real numbers R, denoted as
A=(a,b,c,d;A,p), where a<b<c<dand A<p,
is said to be a exponential vague set if degree of
membership, u,(x), and complement of the

degree of non-membership, 1-v,(x), are given by

ﬂexp{—(b_—x)},a <x<b,
(b-a)

Hq(x) =

0, otherwise

and

_(b-x
pexp{ (b—a)}’a <x<b,

2, b<x<ec,
P exp _x=o) ,c<x<d,
(d-o)

0, otherwise

Hy(x) =
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2.4 Arithmetic operations between exponential
vague sets

Let A=(a,by,c,d; 4, 01) and
B =(ay,b,,c,,d,;1,,p,) b€ two exponential vague
sets then

(i) A® B
=(ay +ay,by +by,c +¢y,d, +dy;min(4, 4y), min(py, py)
(i) A®B
=(ay =dy,b = c3,¢, —by,d) —ay;min(4y, 4y), min(py, p;)
(il) ot = {(aal,abl,acl,adl;/ll,pl),a 20

(ad,,acy,aby,0a,; 4, p,),0 <0

3. Overview of existing ranking approaches

In this section, the existing ranking approach [8,
19] are briefly discussed.

3.1 Chen and Sanguansat ranking approach
Let Az(al’bl’cl’dl;wA) and B=(a2,b2,cz,d2;w3) be
two generalized fuzzy numbers, then use the

following steps to compare 4 and B .

Step 1. Standardize each generalized fuzzy
number 4 and B into 4"and B™ as follows:

A=[%,%,%,%;WAJ=<ai‘,bf,ci‘,df;w,4> (1)
where, k = max{ ey |1 [ei k| . s ot
denoted the absolute value of a,b,c,d,
respectively, and Haﬂ”bﬂ”cﬂ”dﬂdenoted the
upper bound of |a,|b|,|c|.|4| respectively.

B=[“72,”72,%,%;wa=(a§,b;‘,c§,d;‘;w3> (2)

Where, k = max(”az|—LHbz|—LHC2|1Hd2|—D ,

|ay| B} |eal-|da|  denoted the absolute value of
a,,b,,c,,d

257252572

B 7027

respectively, and

Ha2|mb2|mc2|mdzﬂdenoted the upper bound of
la}o|a|s|eal-|da| respectively.

Step 2. Calculate the areas Aread, and Aread, ,
respectively, which denote the areas from the
membership ~ function  curves  of u} and
4% respectively, to the membership function curve
of the generalized fuzzy number (-1,-1-1-Lw,)
respectively, where

pi = A(bl*—af)’al Sx<bh (3)
- ((cx_-iz)) cxsd ()

and

Aread; =w, @L;—(b:-l—l) (5)

Aread, =w, w (6)

Then, calculate the areas Aread; and Aread; ,
respectively, which denote the areas from the
membership function curves of 4! and x| defined

in Egs. (3) and, (4), respectively, to the
membership function curve of the generalized
fuzzy number (-1,-1,-1,-1;w,), where

(I-a)+(-b)

Aread; =w, > (7)
treat; = (7011020 ®)
Similarly, for generalized fuzzy set B

Areas; =, (@G ED (©)
dreaB; =w, D& +D ;(dg d) (10)
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(1-a)+(1-b)

AreaB] =w, 5 (11)
trean; =, (=902 (20) (12)
Step 3. Calculate the values

XI . = Aread; + Aread, (13)
XD . = Aread; + Aread, (14)
and

XI , = AreaB, + AreaB, (15)
XD . = AreaB, + AreaB, (16)

Step 4. Calculate the ranking score Score(4) and
Score(B") of each generalized trapezoidal fuzzy
number 4 and B as follows:

Xl .- XD .

Score(A") = 4 A4
X o+ XD o +(1-wy)

(17)

and

X1y = XD e

Score(B*) =
Xl o + XD e + (1= wp)

(18)

The following three cases may arise

(i) If Score(A")> Score(B"),then A> B .
(ii) If Score(A") < ScoreB"), then A<B .
(iii) If Score(A")=Score(B"), then 4~ B
3.2 Li ranking approach

Let A=(ay,by,c;;m,uy) and
B=(a,,b,,c,;w,,u,)be two triangular intuitionistic

fuzzy numbers then use the following steps to
compare 4 and B:

Step 1. Calculate

V4,0 =V, (A)+alV,(A)-V,(4),
AA4,0)=4,(A)-a(4,(A)—A,(A4)), where
w(a, +4b +¢))

V(4= P

_ (=)@ +4h +¢) _wilg—a)
V(4= G , A A= 3
A,(4) =%;1_“1) ac[0,]]
and
V(B,a)=V,(B)+a(V,(B)-V,(B))

A(B,@) = A4,(B)~a(4,(B)~ 4,(B)), where
+4b, +
V,(B)= wy(a, g » +6) ’

_(=uy)(a +4b, +¢)) _wm—a)
V,(B)= P , 4,(B) =5
A#(B):%;z—az), ae[0l]

Step 2. Calculate
_ V4o _ V(B,a)
A= o RC=1 s

The following three cases may arise
(i) If R(4,a)<R(B,a),then 4<B.
(i) f R(4,)>R(B,a),then 4> B.
(iii) f R(4,0)=R(B,a), then 4~ B

4. Shortcomings of existing ranking approaches

In this section, the shortcomings of the existing
ranking approaches [8, 19] are Pointed out.

4.1 Shortcomings of Chen and Sanguansat
ranking approach

Here we pointed out the shortcomings of Chen and
Sanguansat ranking approach [8], on the basis of
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reasonable properties of fuzzy quantities [34] and
on the basis of height of fuzzy numbers.

4.1.1 On the basis of reasonable properties for
fuzzy quantities.

With the help of some examples it shown that the
ranking function, proposed by Chen and
Sanguansat [8] does not satisfy the reasonable
property, 4> B = A®B > BOB, for the ordering of
fuzzy quantities i.e., according to Chen and
Sanguansat approach [8] 4>~ B=5 A0B - BOB,
which is a contradiction according to Wang and
Lee [34].

Example 1. Let 4=(0.1,0.3,0.3,0.5;0.8), and
B =(0.1,0.3,0.3,0.5;1) be two generalized trapezoidal

fuzzy numbers then according to Chen and
Sanguansat approach [8] B> Abut B®A < 464
i.e., B> A= BOA~ AOA.

Example 2. Let A=(0.1,0.3,0.3,0.5;1), and
B=(0.3,0.5,0.5,0.7;1) be two generalized

trapezoidal fuzzy numbers then according to Chen
and Sanguansat approach [8] B> Abut
BO®A< ABA i.e., B>~ A=> BOA >~ ABGA.

Example 3. Let 4=(-0.5,-0.3,-0.3,-0.1;1), and
B =(0.1,0.3,0.3,0.5;1) be two generalized
trapezoidal fuzzy numbers then according to Chen

and Sanguansat approach [8] B> Abut
BO®A< ABA i.e., B>~ A=»> BOA >~ ABGA.

4.1.2 On the basis of height of fuzzy numbers

In some cases Chen and Sanguansat approach [8]
indicates that the ranking of fuzzy numbers
depends upon height of fuzzy numbers while in
several cases it indicates that the ranking of fuzzy
number does not depend upon the height of fuzzy

numbers, which is not reasonable.
Let A=(aj,ay,a3,a55m)and B =(a,a;,a3,a4;w,)
be two generalized trapezoidal fuzzy numbers then

according to Chen and Sanguansat approach [8]

Case (i) If (a; +a, +a;+a,)#0 then

A=< B, if w <w,,
A= B, if w > w,,

ANB, 1f W1:W2.

Case (i) If (a,+a,+a;+a,)=0then 4~ Bfor all
values of w; and w, .

Example 4. Let 4=(1,1,LI;w) and B = (LL,1,1;w,) be
two generalized trapezoidal fuzzy numbers then

according to Chen and Sanguansat approach [8]

A=<Bif w<w,, A>Bif w>w,, and 4~ Bif

W =w,.

Example 5. Let 4=(-04,-02,-0.1,0.7;w;) and
B=(-0.4,-0.2,-0.1,0.7;w,), be two generalized

trapezoidal fuzzy numbers then A4~ B for all
values of w; and w, .

According to Chen and Sanguansat approach [8],
in first case ranking of fuzzy numbers depends
upon height and in second case ranking does not
depend upon the height which is not reasonable.

4.2 Shortcomings of Li ranking approach

Li [19] pointed out the shortcomings of all the
existing approaches for the ranking of intuitionistic
fuzzy numbers and proposed a new approach for
the ranking of intuitionistic fuzzy numbers. In this
section, the shortcomings of existing approach [19]
are pointed out.

(i) The existing results, presented in Theorem 1 to
Theorem 6 [19], are correct only if both ~ A and
~B are intuitionistic fuzzy numbers with same
degree of membership and the same degree of
non-membership but in the real life problems, we
need to compare the intuitionistic fuzzy numbers
with different degree of membership and degree
of non-membership.

If we have two intuitionistic fuzzy numbers with
unequal degree of membership and degree of non-
membership than the existing approach [19] can
not be used, also in that case the ranking function
does not satisfy the reasonable property,

482
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A> B= A®B - BOB for the fuzzy quantities [34]
i.e., R(4,a)>R(B,a) 2 R(40B,a) > R(BOB,a).

Example 6. Let A=(1,3,5,0.3,0.2) and
A=(4.890.4,0.1) be two triangular intuitionistic
fuzzy numbers. According to existing ranking

approach [19] the values of iR(A,%)and

ER(B,%) are 0.6347 and 0.822 respectively so

A=< B but the values of R(4GB) and R(BOB) are
—10.2 and 0O respectively which is a contradiction

ie., SR(A@B,%) 3 %(BG)B,%)

Hence, the results, obtained by using the existing
ranking approach [19], are valid for intuitionistic
fuzzy numbers with equal degree of membership
and degree of non-membership.

(i) In some cases, the existing approach [19]
indicates that the ranking of intuitionistic fuzzy
numbers depends upon degree of membership
and degree of nonmembership of intuitionistic
fuzzy numbers while in several cases the ranking
does not upon degree of membership and degree
of non-membership of intuitionistic fuzzy numbers.

Let 4=(a,ay,a5;w,u;) and B =(a,,a,,ay;w,,u,)
be two intuitionistic fuzzy numbers then according
to existing approach [19].

Case (i) If (a; +4a, +a;)#0 then

A< B, if R(A,a)<R(B,a),
A= B, if R(A,a)>RB,a),
A~ B, if R(A,a)=RB,a).

Case (i) If (a;+4a,+a;)=0then 4~ Bfor all
values of w;, u;, w,and u, .

Example 7. Let A=(-0.2,0,0.2;w,u,) and
B =(-0.2,0,0.2;w,,u,) be two intuitionitsic fuzzy
numbers then, according to existing approach [19]
A~ B for all values of w;, u;,w,and u,.

Example 8. Let A= (-8,L4;w,uy) and
B=(-81,4w,,u,) be two intuitionitsic fuzzy
numbers then, according to existing approach [19]
A~ B for all values of w;, u;, w,and u, .

Example 9. Let A=(QLLw,u) and
B=(1Lw,,u,) be two intuitionitsic fuzzy numbers
then, according to existing approach [19]

e A<B if a(l-u)+(1-a)w

<a(l-u))+(1-a)w,

e A-B if a(l-u)+(-a)m

>a(l-uy)+(1-a)w,,

e A~B if a(l-u)+(-a)m

=a(l-uy)+(1-a)w,,

According to existing approach [19], case (i) shows
that ranking of fuzzy numbers depends upon
degree of membership and degree of non-
membership of intuitionistic fuzzy numbers while
case (ii) shows ranking does not depend upon
degree of membership and degree of non-
membership of intuitionistic fuzzy numbers, which
is again not reasonable.

5. Proposed approach

Let A=(a,b,c.d;;4,p) and B= (ay,by,¢5,d53 25, p5)
be two exponential vague sets, where
a <b<¢<d, 4 <p and a, <b,<c, <dy, A < p,
then use the following steps to compare 4 and B :

Step 1. Find (4, p) = (min(4;, 4,), min(p,, p,)) .

A
Step 2. Find R(4,) = [ {a(h + (b ~ap)log()
0

+(1-a)(e - (d; - q)log(%))}
= R(4,) = aa, A+ (1-a)d, A

and
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P
R(4,_,)= j {al; () +(-a)R;',(x)}dx , where
A

L (x)=b - - a»log(%) 1og(%),
R, (0)=¢ +(d ~c)) 10g(%) log(%),
= R4, ) =ai(b(p—2) (b a»log%(—z 1og(%)

~(p- )i+ (- a)i(e(p- 1)~ (d - cl)log%(—zlog(%>
~(p- AN}

Now, R(4)=R(4;)+R(4, )

— ala A+ (b (p-A) - (b —a) log%(—ﬂ 1og(%)

—(p-+1-a)diA+(c(p—A)—(d; —¢))

logi(—i log(i) —(p—-A))},where a<[0.1]
P P

Similarly R(B)=R(B8,)+R(B,_,)

= at{ay A+ (by(p— A)~ (by - a2>log%<—z 1og(%)
—(p= D +(l—a){dr A+ (cy(p—A)—(dy — )
logi(—i log(i) —(p—-A2))},where a<[0,]

p P

Step 3. Check R(4)>R(B) or R(A)<R(B) or
R(4)=R(B)

Case (i) if R(4)>R(B) then 4> BVa .

Case (ii) if R(4)<R(B)then A< BVa .

Case (i) if R(4)=R(B)then 4~BVa

It can be easily shown that the proposed
ranking formula for the ordering of vague sets
is generalization of existing ranking approaches
1,7, 20].

Corollary 1. If 0<A=p<1, then (17) reduces to

Ma, +d,)
2

R(A) = , Which is the ranking formula for

generalized exponential fuzzy numbers [7].

Corollary 2. If 0<A=p<land left and right
membership functions of A4 as linear functions,

then (17) reduces to iR(A)z%(/l(aﬁd])

, Which is the

N Ab, —a,+c¢, —dl)) _ AMa,+b +c +d)
3 4

ranking formula for generalized trapezoidal fuzzy
numbers [20].

Corollary 3. If 0<A=p<1, b =cand left and
right membership functions of Aas linear

functions, then (17) reduces to R(4) =%(/1(al +d,)

Ab—a,+b,—d). Ala+2b+d)
i 3 )= 4

ranking formula for generalized triangular fuzzy
numbers [20].

, which is the

Corollary 4. If 0<A=p<1 and left and right
membership functions of A4 as linear functions,

then 17) reduces R(A) = %((al +d)
+(b1_a1';'cl_d1)):(a1+blzcl+d1) ’ which is the
ranking formula for normal trapezoidal fuzzy

numbers [1, 20].

Corollary 5. If 0<A=p<1, b =cand left and
right membership functions of 4 as linear functions,

then (17) reduces to 5R(A)=%((al+dl)

+(b1—a1;b1—dl)):(a1+2i71+d1), which is  the
ranking formula for generalized triangular fuzzy

numbers [1,20].

Corollary 6. If left and right membership functions
of 4as linear functions, then (17) reduces to

RA) = a2 Gt OB gy Ay
2 2 yo,
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(@d+a)  (p=2)
2 2

which is the ranking formula for trapezoidal
vague sets.

Fl-a)id (d1+cl+%<dl—cl>>},

Corollary 7. If left and right membership functions
of 4as linear functions and b=c, then (17)
reduces to

R =aia G =D g A ayy
2 2 P

sy PD gy gy

2 2 P
which is the ranking formula for triangular vague sets.
6. Results and discussion

In this section, it is proved that the proposed
ranking function satisfies the reasonable
properties for the ordering of fuzzy quantities.
Also some examples are taken to show,
shortcoming that exits in existing methods are not
occurred in proposed approach.

Results of the proposed approach are compared
with the existing ranking approaches.

6.1 Reasonable properties: Validation of proposed
ranking approach

Wang and Kerre [33] proposed some axioms as a
reasonable properties of ordering fuzzy quantities
for the ranking approach R . These properties are:

P1. For an arbitrary subset S of F and A4eS,
A-A4 byR on S where, F is a set of exponential
vague sets.

P2. For an arbitrary subset S of F and 4,BeS,
A-Band B-4by R on S,then 4~Bby R on §S.

P3. For an arbitrary subset S of Fand 4,B,Ce S,
A=Band B>~Cby R on §,then 4-~Cby R on.

P4. If AnB=0and Ais on the right of B then
A-B .

P5. LetSandS'be two arbitrary finite sets of
exponential vague sets in which proposed ranking
function can be applied, and 4,BeSnS', we

obtain the ranking order A>B by R in Siff
A=Bby R in §'.

P6. If A~Bby R, then 4+C>B+C by R when
C+0.

P7. Let A4,B,AC,BC be the elements of S and
C>20. A-B by "= AC>BC by R.

Now, we prove that proposed ranking function
satisfies the some of the reasonable properties.
Proposition 1. For an arbitrary subset S of F
and A4S, A4-4 byR on S where, F is a set of

exponential vague sets.

Proof. Since 4eS= 4,4eSand R(A4)=>R(A)
= A> A by proposed ranking function.

Proposition 2. For an arbitrary subset S of F
and 4,BeS, A-Band B>A4Aby R on §, then

A~Bby R on S.

Proof. By proposed ranking function, 4>B means
R(A)=2R(B)and B>A meansR(4)<R(B), and
hence R(4A)=R(B) = A~ B.

Proposition 3. For an arbitrary subset S of Fand
A,B,CeS, A-Band B>=Cby R on §, then

A>=Cby R on.

Proof. A>B = R(A4) > R(B) and B>-C
= R(B)>R(C). Since Ranking of exponential
vague sets is a crisp number i.e., the ranking
function map each exponential vague set into

a real line, Therefore NR(4)=>R(C) hence
A-C.
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Proposition 4. If AnB=0and A4 is on the right of
B then 4>B.

Proof. If 4AnB=0 and 4is on the right of B,
then R(A4) >R(B)ie., A>B.

Proposition 5. LetS and S'be two arbitrary finite
sets of exponential vague sets in which proposed
ranking function can be applied, and 4,Be SnS',

we obtain the ranking order 4>~B by R in Siff
A-Bby R in S'.

Proof. Given that 4>Bin §'< R(A)>R(B)in S

& R(A)=R(B)in SNS' (- 4, BeSAS")
& R(A)2R(B)in S'(-SNS'cS)= A=Bin S.

Proposition 6. If 4>~Bby R, then 4+C>~B+C

by R when R(C)+#0 with degree of membership

and non membership of Cis less than or equal to
the degree of membership of both, 4 and B.

Proof. If

>R(B)+R(C) > RA+C)+R(B+C) (. degree of
membership and non membership of Cis less than

or equal to the degree of membership of both, 4
and B)= A+C>B+C.

A>B = R(4) 2 R(B) = R(A)+R(C)

We take the examples from Section 4, and solved
them with proposed ranking approach, to show
that shortcomings are now removed.

Example 10. Let 4=(0.1,0.3,0.3,0.5;0.8), and
B =(0.1,0.3,0.3,0.5;1) be two generalized trapezoidal

fuzzy numbers then A®B = (-0.4,0,0,0.4;0.8) and
BOB =(-0.4,0,0,0.4;1)

Step 1. min(0.8,1) =0.8

Step 2. R(40B) = 0.4(0.4—0.8a)
and R(BOB) = 0.4(0.4-0.8a) . Since,
R(4OB) = R(BOB) Va , s0 AOB ~ BOB.

Example 11. Let A=(0.1,0.3,0.3,0.5;1) ,
and B = (0.3,0.5,0.5,0.7;1) be two generalized trapezo
idal fuzzy numbers then

A®B = (-0.6,-0.2,-0.2,0.2;1) and
BOB = (-0.4,0,0,0.4;1)
Step 1. min(1,1) =1

Step 2. R(40B) = %(—0.80{) and

R(BOB) = %(0.4 ~0.8a).

For a pessimistic decision maker, with a =0,
R(ABGB) =0 and R(BOB)=0.2. Since
R(AOB) < R(BOB), so (AOB) < (BOB).

For optimistic decision maker, with «a=1,
R(AOGB)=-04 and R(BOB)=-0.2. Since
R(ABGB) < R(BOB), so (AOB) < (BOB).

For moderate decision maker with «=0.5,
R(ABGB)=-0.2 and R(BOB) =0. Since

R(AOB) < R(BOB), s0 (AOB) < (BOB).

Example 12. Let 4=(-0.5,-0.3,-0.3,-0.1;1), and
B=1(0.1,0.3,0.3,0.5;1) be two generalized trapezoidal
fuzzy numbers then A®B=(-0.6,-0.2,—-0.2,0.2;1)
and BOB = (—0.4,0,0,0.4;1)

Step 1. min(L,]) =1

Step 2. 91(A®B):%(—0.8+2.4a) and

R(BOB) = %(0.4 ~0.8a).

For a pessimistic decision maker, with a=0,
R(ABB)=-0.4 and R(BOB)=0.2. Since
R(AOB) < R(BOB), so (AOB) < (BOB).

For optimistic decision maker, with «a=1,
R(AOB)=-0.266 and R(BOB)=-0.2. Since

R(AOB) > R(BOB) , S0 (AOB) = (BOB).
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For moderate decision maker with «=0.5,
R(4GB)=0.2 and R(BOB) =0. Since

R(AOB) > R(BOB) , sO (AOB) - (BOB).

Example 13. Let A=(11LLw) and
B =(1,LL1;w,) be two generalized trapezoidal fuzzy
numbers then

Step 1. min(w;,w,) = w(say)

Step 2. %(408) = %(20; +(-a)2)=w and
R(AOB) = %(20; tl-a)2)=w

R(BOB) = %(205 +(l-a)2)=w.
Since, R(4)=NR(B) Va,s0A~B.
Example 14. Let A4=(-0.4,-0.2,-0.1,0.7;w;) and

B=(-04,-0.2,-0.1,0.7;w,), be two generalized
trapezoidal fuzzy numbers

Step 1. min(w,w,) =w (say)

w

Step 2. R(40B) = (-0.6a+(1-@)0.6)= 03w and

R(BOB) = %(—0.60{ +(1-a)0.6) = 0.3w .Since,
R(A)=R(B) Va,so0A4~B.

Example 15. Let A=(13,50.3,0.8), and
B=(489,04,0.9) be two generalized triangular

vague sets then A®GB=(-8,-5,1;0.3,0.8) and
BOB = (-5,0,5;0.4,0.9).

Step 1. min(0.3,0.4) = 0.3 and min(0.8,0.9) = 0.8.

Step 2. R(40B) = %(—1.037 -3.881a) and

R(BOB) = %(2.47 ~0.94c) .

For a pessimistic decision maker, with =0 |,
R(AOB)=-1.0375 and R(BOB)=247. Since

R(AOB) < R(BOB), s0 (AOB) < (BOB).

For optimistic decision maker, with «a=1,
R(ABOB)=-4919 and R(BOB)=1.53. Since
R(ABB) < R(BOB), so (AOB) < (BOB).

For moderate decision maker with a=0.5,
R(AGB) =-2.978 and R(BOB) =2 Since

R(AOB) < R(BOB), s0 (AOB) < (BOB).

Example 16. Let A=(-2,0,2;4,p)), and
B =(-2,0,2;4,, p,) be two triangular vague numbers
then 40B =(-0.4,0,0.4; 45, p;) where A, =min(4;,4,)
and BOB =(-0.4,0,0.4;1,,p,)

Step 1. min(4;,4,) = 4 and min(ps,p,) = p

Step 2.

AG®B ~ BOB .
o]

Since,  R(4OB)=R(BOB) vq

Example 17. Let A=8L4A,p0), and
B=(-8144,,p,)be be two triangular vague
numbers then 4GB =(-12,0,12;4;,p;) Where
Ay =min(4,4,) and BOB = (-12,0,12;4,, p,)

Step 1. min(4;,4,) =1 and min(p;,p,) = p

Step2.  Since, R(4OB)=R(BOB)  Va

A®B ~ BOB .
SO

Example 18. Let A=QLL4,p0), and

B=(L54,p,)be be two triangular vague
numbers then A®B =(0,0,0; 45, p3) where
Ay =min(4,2,) and BOB=(0,0.0.:4,.p,)

Step 1. min(4;,4,) =4 and min(p;,p,) = p

Step 2. Since, R(AOB) = R(BOB) Va,
so A®B ~ BOB .

6.2 Comparative study

Different sets of fuzzy sets and vague sets are
taken to compare the results of proposed and
existing ranking approaches.
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Set 1.

Let 4=(0.1,0.3,0.3,0.5;0.8) and B =(0.1,0.3,0.3,0.5;1)

be two trapezoidal fuzzy sets, take « =%

Step 1. min(0.8,1) = 0.8

Step 2. R(4)=0.24and R(B)=0.24.

Since R(4)=NR(B),s0 A~ B.

Set 2.

Let 4=(0.1,0.3,0.3,0.51) and B =(0.3,0.5,0.5,0.7;)

be two trapezoidal fuzzy sets, take « =%

Step 1. min(1,1) =1

Step 2. R(4)=03and R(B)=0.5.

Since R(4)<R(B),so0 A<B.

Set 3.

Let 4=(0.10.3,03,0.50.8)and B=(-0.5-0.3,-0.3,0.51)

be two trapezoidal fuzzy sets, take « =%

Step 1. min(L,1) =1

Step 2. R(4)=0.3and R(B)=-0.3.
Since R(4) >NR(B),so0 4> B.

Set 4.

Let 4=(579,1104) and B=(2,48,9,0.2) be two
generalized exponential trapezoidal fuzzy sets,

take a = l
2
Step 1. min(0.4,0.2) =0.2

Step 2. R(4)=1.6and R(B)=1.1.
Since R(4)>R(B),s0 A>B.

Set 5.

Let 4=(3,6,7,14,0.2,0.7) and 4=(1,4,6,9;0.3,0.4) be
two exponential vague fuzzy sets, take « =%

Step 1. min(0.2,0.3) = 0.2 and min(0.7,0.4) = 0.4

Step 2. R(4)=1.52and R(B)=1.13.
Since R(4)>R(B),s0 A= B.

Methods Set 1 Set 2 Set 3 Set 4 Setb
Yager [36] A~B A~B A~B N.A N.A
[Lz'g;’ and Wang |, _p A B A> B N.A NA
Cheng [9] A< B A< B A~B N.A N.A
{‘gg]'a"am' et a4 -p A=<B A B N.A NA
Chen and Li [7] A~B A=< B A>B A>B N.A
[Cé?en and  Chen A=< B A< B A=-B N.A N.A
Chen and

Sanguansat [8] 4=<B A=< B A~ B N-A N.A
Li[19] A=<B A=< B A>B N.A N.A
Nehi [28] N.A A<B A-B N.A N.A
Kumar et al. [15,

16, 17] A~B A<B A=B N.A N.A
Proposed

approach A~B A=< B A>B A>B A>B

Table 1. Comparison of proposed ranking approach with
existing ranking approach where N.A denotes the not applicable.
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7. Multicriteria decision-making problem based
on the proposed ranking approach

Let 4={4,,4,,..,4,} be a set of alternatives and let
C={C.C,,...,C,} be set of criteria. The values of
an alternative on

criteria  C;(j=12,...,n) are

exponential vague setsS;;, which indicates the
degree that the alternative 4, satisfies or does not
satisfies the criterion C; given by decision makers

or experts according to linguistic values of
exponential sets for linguistic terms.

The weights of criterion Cj(j:1,2,...,n) are
represented by exponential sets. The ranking

weight value w; for exponential vague set is

obtained by Eq. (17). The normalized weights are
obtained using the following equation:

W, = —07;) (19)

(A E—
an(wj)
j=1

Therefore, the weighted ranking value for an
alternative 4,;(i =1,2,...,m) is given by:

R, (4)=D wR(S,) (20)
j=1

Thus, the calculated weighted ranking value for an
alternative is used to rank alternatives and then to
select the best one in all the alternatives.

The above method can be summarized as follows:
(i) Calculate the ranking weight value w; for
criterion C;(j=12,..,n) by using Eq. (17) and
(18).

(ii) Calculate the weighted ranking value for

alternative 4;(i =1,2,...,m) by using Eq. (17)
and (19).

(iii) Rank the alternative and select the best one in
accordance with weighted ranking vales SRWj_ (4).

7.1 lllustrative example

A numerical example has been taken to show
the applicability of ranking function in
multicriteria decision making problem.

Suppose there is a panel with three alternative
to invest the money: (i) 4,is car company, (ii) 4,
is food company, (iii) 4; is computer company.

The investment must take a decision according
to the following three criteria: (i) C;is the
riskanalysis, (i) C,is the growth analysis, (iii)
G, is the environmental impact analysis.

The three possible alternative are to be
evaluated under the above three criteria by
corresponding to linguistic values of exponential
sets for linguistic terms, as shown in Table 2.

Linguistic terms Linguistic values of
exponential vague sets
Absolute value (0.0,0.0,0.0,0.0;0.0,0.0)
Low (0.0,0.1,0.2,0.3;0.1,0.2)
Fairly low (0.0,0.2,0.3,0.4;0.2,0.5)
Medium (0.3,0.4,0.5,0.6,0.4,0.5)
Fairly high (0.5,0.6,0.7,0.8;0.5,0.7)
High (0.7,0.8,0.9,1.0;0.8,0.9)
Absolutely high (1.0,1.0,1.0,1.0;1.0,1.0)

Table 2. Linguistic vales of exponential
vague sets for linguistic terms.

Suppose we called three experts (k£ =3) to make
the decision. They give the linguistic values of
exponential vague sets.
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The values of alternatives and criteria weights
based on the decision makers or expert's
knowledge are shown in Table 3.

Use the following steps to find the best
alternative.

(i) Using Egs. (17) and (18), we get the ranking
weight value wj for criterion Cj(j =1,2,3),
w, =0.383, w, =0.271, wy; =0.345.

(ii) Using Egs. (17) and (19), we get the weighted
ranking value for alternative
4,(=123), R, (4)=0901,R, (4)=0.778,

R, (45)=0.937.

(iil)Rank the alternative as follows:
A <A, < 4

Thus according to above results the most
desirable alternative is 4;.

8. Conclusions

In this paper, we present a new approach for the
ranking of exponential vague sets. New
representation and arithmetic operations between
two exponential vague sets has been introduced.
Some shortcomings of existing ranking approaches
[8, 19] are pointed out. The proposed method
consider not only the rank but also the decision
maker optimistic attitude also with the help of some
comparative examples it is shown that proposed
ranking approach is more intuitive than the existing
ranking approaches. Also the proposed ranking
function satisfies the reasonable properties for the
ordering of fuzzy quantity. Further the proposed
ranking approach can effectively rank of various
types of fuzzy sets and vague sets (normal,
generalized, triangular, trapezoidal and exponential),
which is another advantage of proposed ranking
approach over the other exiting ranking approaches.
For practical use, proposed ranking approach is
applied to decision making problem.

k G C, G

1 (0.1,0.2,0.3,0.4;0.2,0.3) (0.2,0.3,0.5,0.7:0.3,0.6) (0.3,0.4,0.6,0.7:0.8,0.9)

4 2 (0.3,0.5,0.6,0.8;0.5,0.7) (0.2,0.3,0.5,0.7;0.3,0.6) (0.3,0.4,0.6,0.7:0.8,0.9)
3 (0.3,0.5,0.6,0.8,0.5,0.7) (0.2,0.3,0.5,0.7:0.3,0.6) (0.3,0.5,0.6,0.8,0.5,0.7)

1 (0.3,0.4,0.6,0.7;0.8,0.9) (0.1,0.2,0.3,0.4;0.2,0.3) (0.1,0.4,0.6,0.7;0.5,0.6)

Ay 2 (0.3,0.4,0.6,0.7;0.8,0.9) (0.2,0.3,0.5,0.7;0.3,0.6) (0.1,0.4,0.6,0.7;0.5,0.6)
3 (0.1,0.2,0.3,0.4;0.2,0.3) (0.1,0.4,0.6,0.7;0.5,0.6) (0.1,0.4,0.6,0.7;0.5,0.6)

1 (0.2,0.3,0.5,0.7;0.3,0.6) (0.1,0.4,0.6,0.7;0.5,0.6) (0.2,0.3,0.5,0.7:0.3,0.6)

A5 2 (0.1,0.4,0.6,0.7;0.5,0.6) (0.3,0.5,0.6,0.8,0.5,0.7) (0.1,0.4,0.6,0.7:0.5,0.6)
3 (0.3,0.5,0.6,0.8;0.5,0.7) (0.1,0.4,0.6,0.7;0.5,0.6) (0.1,0.4,0.6,0.7;0.5,0.6)

1 (0.1,0.4,0.6,0.7;0.5,0.6) (0.1,0.4,0.6,0.7;0.5,0.6) (0.2,0.3,0.5,0.7:0.3,0.6)

weight 2 (0.3,0.4,0.6,0.7;0.8,0.9) (0.1,0.4,0.6,0.7;0.5,0.6) (0.1,0.4,0.6,0.7;0.5,0.6)
3 (0.3,0.5,0.6,0.8,0.5,0.7) (0.3,0.4,0.6,0.7;0.8,0.9) (0.3,0.4,0.6,0.7;0.8,0.9)

Table 3. Linguistic vales of exponential vague sets for linguistic terms.
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