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ABSTRACT  
In this paper we deal with the experimental synchronization of the Colpitts oscillator in a real-time implementation. Our 
approach is based on observer design theory in a master-slave configuration thus, a chaos synchronization problem 
can be posed as an observer design procedure, where the coupling signal is viewed as a measurable output and a 
slave system is regarded as an observer. A polynomial observer is used for synchronizing the Colpitts oscillator 
employing linear matrix inequalities. Finally, a comparison with a reduced order observer and a high gain observer is 
given to assess the performance of the proposed observer. 
 
Keywords: experimental synchronization, polynomial observer, reduced order observer, high gain observer, algebraic 
observability condition. 
 
RESUMEN 
En este artículo se aborda la sincronización experimental del oscilador de Colpitts en tiempo real. Nuestra 
aproximación se realiza mediante la teoría de diseño de observadores en una configuración maestro-esclavo, por lo 
que el problema de sincronización caótica puede plantearse como el diseño de un observador. Se utiliza un 
observador polinomial para la sincronización del oscilador de Colpitts empleando desigualdades matriciales lineales. 
Se realiza una comparación con el observador de orden reducido y con el observador de alta ganancia con la 
finalidad de verificar el desempeño del observador propuesto. 
�
�
1. Introduction 
 
Synchronization in chaotic systems has been 
investigated since its introduction paper of Pecora 
and Carrol [1]. This research area has received a 
great deal of attention among scientist in many fields 
due to its potential applications mainly in secure 
communications [2]-[7].  
 
During the last years (almost two decades), many 
different approaches related to chaos synchronization 
have been proposed. See for instance,  [8]-[10] in 
which the authors propose the employment of 
state observers, where the main applications 
pertain to the synchronization of nonlinear 
oscillators; in references [11]-[13] use feedback 
controllers, which allow to achieve the 
synchronization between nonlinear oscillators, with 
different structure and order; in [14], [15] use 
nonlinear backstepping control; in papers [16], [17] 

 
 
consider synchronization time delayed systems; in 
works [18], [19] consider directional and bidirectional 
linear coupling; papers [20], [21] use nonlinear 
control; in [12] use active control; in [13], [22] use 
adaptive control; in [23]-[24] employ adaptive 
observers and so on. 
 
Now, we will mention a brief note about observer 
theory. The design of observers for nonlinear 
systems is a challenging problem that has received a 
considerable amount of attention. Since the 
observers developed by Kalman [25] and Luenberger 
[26], several years ago for linear systems, different 
state observation techniques have been propose to 
handle the systems nonlinearities. A first category of 
techniques consists in applying linear algorithms to 
the system linearized around the estimated trajectory. 
These are known as the extended Kalman and  
 



 

Experimental�Synchronization�by�Means�of�Observers,�R.�MartínezͲGuerra�et�al.�/�52Ͳ62

Journal�of�Applied�Research�and�Technology 53

Luenberger observers. Alternatively, the nonlinear 
dynamics are split into a linear part and a nonlinear 
one. The observer gains then are chosen large 
enough so that the linear part dominates over the 
nonlinear one. Such observers are known as, high 
gain observers [27]. And many other approaches 
such as [28]-[30]. 
 
In this work the synchronization method is based on 
a master-salve configuration [1]. The main 
characteristic is that the coupling signal is 
unidirectional, that is, the signal is transmitted from 
the master systems (transmitter) to the slave system 
(receiver), the receiver is requested to recover the 
unknown (or full) state trajectories of the transmitter. 
Therefore, the terminology transmitter-receiver is 
also used. Thus, a chaos synchronization problem 
can be regarded as observer design procedure, 
where the coupling signal is viewed as the output 
and the slave system is the observer [31]-[33]. 
 
As we can notice, there are several methods to solve 
the synchronization problem from the control theory 
perspective, in this work, we study the 
synchronization in master-salve configuration [1] by 
means of state observers based on differential 
algebraic approach. These proposals are applied in 
this paper to a Colpitts oscillator [34]. The Colpitts 
oscillator has been widely considered for the 
synchronization problem, see for instance [24], [35]. 
 
In this paper an exponential observer of polynomial 
type for the synchronization problem is proposed.  
We also have designed an asymptotic observer of 
reduced order. Finally, for comparison purposes, we 
construct a high-gain observer. 
 
2. Receiver operating principle 
 
Let us consider the following nonlinear system, 
 
ሶݔ ൌ ݂ሺݔǡ                   ሻݑ
ݕ ൌ �����ǡݔܥ ଴ݔ ൌ  ଴ሻ                                           (1)ݐሺݔ
 
whereݔ� א Թ௡, is the state vector; ݑ א Թ௠ᇲ, is the 
input vector, ݉ᇱ ൑ ݊; ݂ሺȉሻǣ Թ௡ ൈ Թ௠ᇲ ՜ Թ௡ is locally 
Lipschitz on ݔ and uniformly bounded on ݑǢ ݕ א Թ 
is the output of the system. To show the relation 
between observers for nonlinear systems and 
synchronization we give the following definition. 
 
Definition 1 (Exponential synchronization) The 
dynamical system with state vector  �ො א Թ୬  

ොሶݔ ൌ ݂ҧሺݔොǡ ǡݕ                   ሻݑ
ොݕ ൌ ො�������ǡݔܥ ො଴ݔ ൌ  ଴ሻ                                         (2)ݐොሺݔ
 
is in state of exponential synchronization with 
system (1) if there exist positive constants ߢҧ� and ߦҧ 
such that 
 

ԡݔ െ ොԡݔ ൑  ሻݐҧߦҧ�����ሺെߢ
 
In the master-slave synchronization scheme, ݔ is 
viewed as the state variable of the master system 
and ݔො is considered as the state variable of the 
slave system. Hence, the master-slave system 
synchronization problem between systems (1) and 
(2) can be solved by designing and observer for 
(1). In order to solve the synchronization problem 
as an observation problem we introduce the 
following observability property. 
 
Definition 2 [40] (Algebraic observability 
condition-AOC) A state variable ݔ௜ א Թ  is said to 
be algebraically observable if it is algebraic over 
Թݑۃǡ  satisfies a differential algebraic ݔ ,ͳ, that isۄݕ
polynomial in terms of ሼݑǡ  ሽ and some of their timeݕ
derivatives, i.e., 
 
௜ܲሺݔ௜ǡ ǡݑ ሶݑ ǡ ǥ ǡ ǡݕ ሶݕ ǡ ǥ ሻ ൌ Ͳ��            (3) 

 
with coefficients in Թݑۃǡ  .ۄݕ
 
The system (1) can be expressed in the following 
form, 
ሶݔ ൌ ݔܣ ൅ Ȳሺݔǡ  ሻݑ
ݕ ൌ ଴ݔ���������ݔܥ ൌ  ଴ሻ      (4)ݐሺݔ
 
Where Ȳሺݔǡ  ሻ is a nonlinear vector that satisfiesݑ
the Lipschitz condition with constant ߶ that is: 
 
ԡȲሺݔǡ ሻݑ െ Ȳሺݔොǡ ሻԡݑ ൑ ߶ԡݔ െ  ොԡ          (5)ݔ
 
The observer for system (4) has the next form 
 
ොሶݔ ൌ ොݔܣ ൅ Ȳሺݔොǡ ሻݑ ൅ σ ݕ௜ሺܭ െ ොሻଶ௜ିଵ௠ݔܥ

௜ୀଵ       (6) 
 
Where  ݔො א Թ௡, and ܭ௜ א Թ௡ for ͳ ൑ ݅ ൑ ݉. 
 
Let us consider the following assumptions: 

                                                      
1 Թݑۃǡ  denotes the differential field generated by the ۄݕ
field Թ, the input ݑ, the measurable output ݕ, and the 
time derivatives of ݑ and ݕ. 
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Assumption 1. For  ܣҧ ൌ׷ ܣ െ  there is a ,ܥଵܭ
unique symmetric positive definite matrix ܲ א Թ௡ൈ௡ 
which satisfies the following linear matrix inequality 
(LMI): 

൤െܣҧ
்ܲ െ ҧܣܲ െ ܫ ߶ܲ

߶ܲ ܫ ൨ ൐ Ͳ 

 
where ߶ is the Lipschitz constant. 
 
Assumption 2. Let us define ܯ௜ ؔ  :then ,ܥ௜ܭܲ
 

௜ܯ௠௜௡ሺߣ ൅ ௜ܯ
்ሻ ൒ Ͳǡ���݂ݎ݋�ʹ ൑ ݅ ൑ ݉Ǥ 

 
Remark 1. By using the Schur complement (see 
Chapter 11 in [38]) the LMI in Assumption 1 can be 
represented as an algebraic Riccati equation:  
 

ҧ்ܲܣ ൅ ҧܣܲ ൅ ߶ଶܲܲ ൅ ܫ ൏ Ͳǡ 
 
or for some ߝ ൐ Ͳ 
 

ҧ்ܲܣ ൅ ҧܣܲ ൅ ߶ଶܲܲ ൅ ܫ ൅ ܫߝ ൌ Ͳ 
 
Remark 2. Assumption 2 is used to improve the 
rate of convergence of the estimation error by 
injecting additional terms (from ʹ to ݉) which 
depend upon odd powers of the output error. 
 
In order to prove the observer convergence, we 
analyze the observer error which is defined as  
݁ ൌ ݔ െ  ො. From Equations 4 and 6, the dynamicsݔ
of the observer error is given by: 
 

ሶ݁ ൌ ҧ݁ܣ ൅ ܨ െ෍ܭ௜ሺ݁ܥሻଶ௜ିଵ
௠

௜ୀଶ
 

 
where ܣҧ ؔ ܣ െ ܨ and  ,ܥଵܭ ؔ Ȳሺݔǡ ሻݑ െ Ȳሺݔොǡ  .ሻݑ
 

Now, we present a lemma which will be 
useful in the convergence analysis. 

 
Lemma 1 [39]: Given the system (4) and its 
observer (6) with the error given by ݁ ൌ ݔ െ  ො. Ifݔ
ܲ ൌ ்ܲ ൐ Ͳ then: 
 

ʹ்݁ܲሾȲሺݔǡ ሻݑ െ Ȳሺݔොǡ ሻሿݑ ൑ ߶ଶ்݁ܲܲ݁ ൅ ்݁݁ 
 

The following proposition proves the observer 
convergence. 
 

Proposition 1. Let the system (4) be algebraically 
observable and Assumption 1 and Assumption 2 
hold. The nonlinear system (6) is an exponential 
polynomial observer of the system (4); that is to 
say, there are constants ߢ ൐ Ͳ and ߦ ൐ Ͳ such that: 
 

ԡ݁ሺݐሻԡ ൑  ሻݐߦԡ݁ሺͲሻԡ����ሺെߢ
 

whereߢ� ൌ ටఉ
ఈ,ߦ� ൌ ఌ

ଶఉ,ߙ� ൌ ߚ ௠௜௡ሺܲሻ, andߣ ൌ
 .௠௔௫ሺܲሻߣ
 
Proof. We use the following Lyapunov function 
candidate  ܸ ൌ ்݁ܲ݁ 
 

ሶܸ ൌ ሶ݁ ்ܲ݁ ൅ ்݁ܲ ሶ݁
ൌ ்݁ሾܣҧ்ܲ ൅ ҧሿ݁ܣܲ ൅ ܨ்ܲ݁ʹ

െ ʹ்݁ܲ෍ܭ௜ሺ݁ܥሻଶ௜ିଵ
௠

௜ୀଶ
 

 
using Lemma 1 we obtain: 
 

ሶܸ ൑ ்݁ሾܣҧ்ܲ ൅ ҧܣܲ ൅ ߶ଶܲܲ ൅ ሿ݁ܫ

െ ʹ்݁ܲ෍ܭ௜ሺ݁ܥሻଶ௜ିଵ
௠

௜ୀଶ
 

 
Making some algebraic manipulations on the last 
term of the above inequality, and taking into 
account that ݁ܥ א Թ, we obtain: 
 

ሶܸ ൑ ்݁ሾܣҧ்ܲ ൅ ҧܣܲ ൅ ߶ଶܲܲ ൅ ሿ݁ܫ

െ ʹ෍ሺ݁ܥሻଶ௜ିଶ்݁ܲܭ௜݁ܥ
௠

௜ୀଶ
 

 
For simplicity, we defineܯ�௜ ؔ ʹ�ݎ݋݂ ,ܥ௜ܭܲ ൑ ݅ ൑
݉, then we have: 
 

 
 
The above expression can be rewritten in a 
simplified form: 
 

ሶܸ ൑ ்݁ሾܣҧ்ܲ ൅ ҧܣܲ ൅ ߶ଶܲܲ ൅ ሿ݁ܫ

െ෍ሺ݁ܥሻଶ௜ିଶ்݁ሾܯ௜ ൅ ௜ܯ
்ሿ݁

௠

௜ୀଶ
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From Assumption 2, the second term in the right 
hand side of above the inequality always will be 
positive or zero, therefore: 
 
ሶܸ ൑ ்݁ሾܣҧ்ܲ ൅ ҧܣܲ ൅ ߶ଶܲܲ ൅  ሿ݁                           (7)ܫ

 
by Assumption 1 (and remark 1), we have: 
 
ሶܸ ൑ െߝԡ݁ԡଶ                           (8) 

 
We write the Lyapunov function as ܸ ൌ ԡ݁ԡ௉ଶ , then 
by the Rayleigh-Ritz inequality we have that: 
 
ԡ݁ԡଶߙ ൑ ԡ݁ԡ௉ଶ ൑  ԡ݁ԡଶ                   (9)ߚ
 
where ߙ ؔ ߚ ௠௜௡ሺܲሻ, andߣ ؔ ௠௔௫ሺܲሻߣ א Թା 
(because ܲ is positive definite). 
 By using (9) we obtain the following upper 
bound of (8): 
 
ሶܸ ൑ െ ఌ

ఉ ԡ݁ԡ௉
ଶ                                                       (10) 

 
Taking the time derivative of ܸ ൌ ԡ݁ԡ௉ଶ  and 
replacing in inequality (10), we obtain: 
 

݀
ݐ݀ ԡ݁ԡ௉ ൑ െ ߝ

ߚʹ ԡ݁ԡ௉ 

 
Finally, the result follows with: 
 
ԡ݁ሺݐሻԡ ൑ ԡ݁ሺͲሻԡߢ ���ሺെݐߦሻ                                (11) 
 

where ߢ ൌ ටఉ��
ఈ , and ߦ ൌ ఌ

ଶఉ. 
 
3. Asymptotic reduced order observer 
 
Now, let us consider the nonlinear system described 
by (1). The unknown states of the system can be 
included in a new variable ߟሺݐሻ and the following 
new augmented system is considered: 
 
ሻݐሶሺݔ ൌ ݂ሺݔǡ ǡݑ   ሻߟ
ሻݐሶሺߟ ൌ ȟሺݔǡ  ሻ                                  (12)ݑ
ሻݐሺݕ ൌ ݄ሺݔሻ 
 
where ȟሺݔǡ  ሻ is a bonded uncertain function. Theݑ
problem is to reconstruct the variableߟ�ሺݐሻ. This 
problem is overcome by using a reduced order 
observer. Before proposing the corresponding 
observer we introduce some hypotheses: 

Assumption 3 ߟሺݐሻ satisfies the AOC (Definition 2). 
 
Assumption 4 ߛ is a ܥଵ real-valued function. 
 
Assumption 5 ȟ is bounded, i.e., ȁȟȁ ൑ ܯ ൏ λ. 
 
Assumption 6. For ݐ଴ sufficiently large, there is 
ܭ ൐ Ͳ, such that, �������௧՜௧బ

ெ
௄ ൌ Ͳ. 

 
The following lemma describes the design of a 
proportional reduced order observer for system (1). 
 
Lemma 2. If Assumptions 3 to 6 are satisfied, then 
the system: 
 
Ƹሶߟ ൌ ߟሺܭ െ  Ƹሻ                                                      (13)ߟ
  
Is an asymptotic reduced order observer of free-
model type for system (12), where ߟƸ  denotes the 
estimate of ߟ and ܭ א Թା�determines the desired 
convergence rate of the observer. 
 
Remark 3. To reconstruct ߟሺݐሻ by using an 
auxiliary state ߟƸሺݐሻ sometimes we need to use the 
output time derivatives, but these may be 
unavailable. To overcome this fact, an auxiliary 
function completely artificial ߛ is defined in such a 
way that it cancels out all nonmeasurable terms. 
This action defines a differential equation for ߛ. 
This equation is solved, then, ߛ is substituted in the 
differential equation of the estimated state and 
finally the estimate of ߟ� is obtained.  
 
We give the following immediate corollary. 
 
Corollary 1. The dynamic system (13) along with 
 

ሶߛ ൌ Ȳሺݔǡ ǡݑ ଴ߛ�������ሻǡߛ ൌ ߛ�����ሺͲሻǡߛ א  ଵܥ
 
constitute a proportional asymptotic reduced order 
observer for system (12), where ߛ is a change of 
variable which depends on the estimated state ߟƸ , 
and the state variables. 
 
4. High gain-observer 
 
We present a well-known estimation structure (high 
gain observer) as a comparison with our proposed 
schemes. Consider the class of nonlinear systems 
given by (1). In this case, to estimate the state vector 
 we suggested a nonlinear high gain-observer with ,ݔ
the following structure: 
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ොሶݔ ൌ ݂ሺݔොǡ ሻݑ ൅ ݕሺܭ െ  ොሻ                                        (14)ݔܥ
 
Whereݔ�ො א Թ௡, ݔො଴ ൌ -଴ሻ and the observer highݐොሺݔ
gain matrix is given by: 
 

ܭ ൌ ܵఏିଵ்ܥǡ�����ܵఏ ൌ ൬ ͳ
௜ା௝ିଵߠ ௜ܵ௝൰

௜ǡ௝ୀଵǡǥǡ௡
 

 
and the positive parameter ߠ determines the desired 
convergence velocity. Moreover, ܵఏ ൌ ܵఏ ൐ Ͳ, should 
be a positive solution of the algebraic equation: 
 

ܵఏ ൬ܧ ൅
ߠ
ʹ ൰ܫ ൅ ൬்ܧ ൅ ߠ

ʹ ൰ܫ ܵఏ ൌ  ܥ்ܥ
 
ܧ ൌ ቀͲ ௡ିଵǡ௡ିଵܫ

Ͳ Ͳ ቁ                                                   (15) 
 
5. Experimental results 
 
As was previously mentioned, the integrated These 
proposals are applied to a Colpitts oscillator [34]. 
The Colpitts oscillator has been widely considered 
for the synchronization problem, see [24, 35]. 
 
In this work we considered the classical 
configuration of the Colpitts oscillator [36]. The 
circuit contains a bipolar junction transistor 
2N2222A as the gain element (Figure1(b)), and a 
resonant network consisting of an inductor and two 
capacitors (Figure 1(a)). 
 
The Colpitts circuit is described by a system of 
three nonlinear differential equations, as follows: 
 
ሶ௅ܫܮ ൌ െܸܿଵ െ ܸܿଶ െ ௅ܫܴ ൅ ܸܿܿ 
ଶܥ ሶܸ ܿଶ ൌ ௅ܫ െ  ଴                                                   (16)ܫ
ଵܥ ሶܸ ܿଵ ൌ െ݂ሺܸܿଶሻ ൅   ௅ܫ
 
where  ݂ሺȉሻ is the driving-point characteristic of the 
nonlinear resistor, this can be expressed in the 
formܫ�ா ൌ ݂ሺܸܿଶሻ ൌ ݂ሺെ ஻ܸாሻ. In particular, we 
have݂ሺܸܿଶሻ ൌ ௦����ሺെܫ ௏௖మ

௏೅
ሻ. 

 
We introduce the dimensionless state 
variables�ሺݔଵǡ ଶǡݔ  ଷሻ, and choose the operatingݔ
point of (16) to be the origin of the new coordinate 
system. In particular, we normalize voltages, 
currents and time with respect to� ௥ܸ௘௙ ൌ ்ܸ , 
௥௘௙ܫ ൌ ௥௘௙ݐ�଴ andܫ ൌ ͳȀ߱଴, respectively, where�߱଴ ൌ
ͳȀඥܥܮଵܥଶȀሺܥଵ ൅  ଶሻ, is the resonant frequency ofܥ

the unloaded L-C tank circuit. Then, the state 
equations for Colpitts oscillator can be rewritten in 
the following form: 
 
ሶଵݔ ൌ െܿݔଷ െ ଶݔܿ െ  ଵݔ݀
ሶଶݔ ൌ  ଵ                                                             (17)ݔܾ
ሶଷݔ ൌ െܽ�݁݌ݔሺെݔଶሻ ൅ ଵݔܽ ൅ ܽ 
 
where, ܽ ൌ ܾ ஼మ

஼భ
, ܾ ൌ ூబ

ఠబ஼మ௏೅
, ܿ ൌ ௏೅

ఠబ௅ூబ
, ݀ ൌ ோ

௅ఠబ
. 

 

 
 

Figure 1. Colpitts oscillator (a) Circuit configuration (b) 
Model of the Bipolar Junction Transistor (BJT) 

 
According to Definition 2, it is evident that system 
(17) is algebraically observable with respect to the 
output ݕ ൌ  ଶ, because the unknown states can beݔ
rewritten as: 
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ଵݔ ൌ ௫ሶమ
௕ ൌ ௬ሶ

௕                                                         (18) 
 
ଷݔ ൌ െ ଵ

௖ ቂ
ଵ
௕ ሷݕ ൅

ௗ
௕ ሶݕ ൅  ቃ                                     (19)ݕܿ

 
hence, Colpitts oscillator is algebraically 
observable with respect to the selected output 
ݕ ൌ   ଶǤݔ
  
5.1 Synchronization of the Colpitts oscillator 
employing the exponential polynomial observer 
 
For the implementation of the observer we first 
rewrite (17) in the form (4), 
 

ሶݔ  ൌ ൥
െ݀ െܿ െܿ
ܾ Ͳ Ͳ
ܽ Ͳ Ͳ

൩ ݔ ൅ ൥
Ͳ
Ͳ

െܽ ���ሺെݔଶሻ ൅ ܽ
൩�      (20) 

 

 
 

Figure 2. Implementation of the 
Colpitts circuit (master system) 

 
ݕ ൌ ሾͲ ͳ Ͳሿݔ� 

 
Applying Proposition 1, we have 
 

ොሶݔ ൌ ൥
െ݀ െܿ െܿ
ܾ Ͳ Ͳ
ܽ Ͳ Ͳ

൩ ොݔ ൅ ൥
Ͳ
Ͳ

െܽ ���ሺെݔොଶሻ ൅ ܽ
൩

൅�෍቎
݇ଵǡ௜
݇ଶǡ௜
݇ଷǡ௜

቏ ሺሾͲ ͳ Ͳሿ�݁ሻଶ೔ିଵ
௠

௜ୀଵ
 

 
hence, the state observer is rewritten as. 
 
ොሶଵݔ ൌ െܿݔොଷ െ ොଶݔܿ െ ොଵݔ݀ ൅ ݇ଷǡଵ݁ଵǡଶ ൅ ݇ଷǡଶሺ݁ଵǡଶሻଷ ൅ ڮ

൅ ݇ଷǡ௠ሺ݁ଵǡଶሻଶ௠ିଵ 
 
ොሶଶݔ ൌ ොଵݔܾ ൅ ݇ଶǡଵ݁ଵǡଶ ൅ ݇ଶǡଶሺ݁ଵǡଶሻଷ ൅  ڮ
���������������������������������������������������൅݇ଶǡ௠൫݁ଵǡଶ൯

ଶ௠ିଵ�         (21) 

ොሶଷݔ ൌ ොଵݔܽ� െ ܽ ���ሺെݔොଶሻ ൅ ܽ ൅�݇ଵǡଵ݁ଵǡଶ ൅�݇ଵǡଶሺ݁ଵǡଶሻଷ
൅ ൅ڮ ݇ଵǡ௠ሺ݁ଵǡଶሻଶ௠ିଵ 

 
we verified the real time performance of the 
exponential observer by using the WINCON 
platform. To achieve the synchronization in real 
time, in WINCON the scheme (21) in the master-
slave configuration was implemented. 
 
Figure 2 shows the real implementation of the 
Colpitts circuit. The circuit parameters are: 
 
ܮ ൌ ͳͲͲܪߤ�Ǣ ଵܥ ൌ ଶܥ ൌ Ͷ͹�݊ܨǡ ܴ ൌ Ͷͷ�ȳǡ ଴ܫ ൌ ͷ�݉ܣ. 
Using the circuit parameter we obtain ܽ ൌ ܾ ൌ
͸Ǥʹ͹ʹ͵�ǡ ܿ ൌ ͲǤͲ͹ͻ͹ǡ and ݀ ൌ ͲǤ͸ͺͻͺǤ 
 
The nonlinear term Ȳሺ�ሻ in (20), satisfies the 
Lipschitz condition and is considered as follows 
 

Ȳሺ�ሻ ൌ ൥
Ͳ
Ͳ

െܽ ���ሺെݔଶሻ ൅ ܽ
൩ 

 
It is necessary to calculate the Lipschitz constant ߶ 
introduced in (5) over the bounded set 
 
ȳ ൌ ሼݔ� א �Թଷȁ��ȁݔ�ଵȁ ൏ ଵǡܯ ȁݔଶȁ ൏ ଶǡܯ ȁݔଷȁ ൏  ଷ�ሽ�ሺʹʹሻܯ
 
considering the Jacobian of Ȳሺ�ሻ as 
 

பஏሺ୶ሻ
ப୶ ൌ ൥

Ͳ Ͳ Ͳ
Ͳ Ͳ Ͳ
Ͳ ܽ ���ሺെ�ଶሻ Ͳ

൩��                              (23) 

 
it can be concluded that2 
 
ቛడஏሺ୶ሻడ௫ ቛ

ஶ
൑ ͵���ሼͲǡ ܽ ���ሺെݔଶሻሽ ǡ ܽ߳Թା�            (24) 

 
From (22), it is obvious that the following 
conditions hold for all the points in the bounded 
set�ȳ. 
 
ܽ ���ሺെݔଶሻ ൏ ܽ ���ሺܯଶሻ

ൌ ���ሼܽ ���ሺെݔଶሻሽǡ ܽ� א �Թା� 
(25) 

hence: 
 
ቛడஏሺ୶ሻడ௫ ቛ

ஶ
൑ ͵�ܽ ���ሺܯଶሻ�                                    (26) 

                                                      
2 Let us consider the matrix ܣ ൌ ൣܽ௜௝൧ଵஸ௜ǡ௝ஸ௡�ǡ�then (see 
chapter 5 in [38] )   ԡܣԡ� ؔ ݊���ଵஸ௜ǡ௝ஸ௡� ȁܽ௜௝ȁ. 
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With (22)-(26) a Lipschitz constant that satisfies 
the Lipschitz condition (5) is defined as follows 
 

߶ ൌ ͵�ܽ ���ሺܯଶሻ 
 
In this case ܯଵ ൌ ͵ǡ ଶܯ� ൌ ͲǤͳǡ ଷܯ ൌ ͸ǡ and 
ܽ ൌ ͸Ǥʹ͹ʹ͵ǡ֜ �߶ ൌ ʹͲǤ͹ͻͷͻ 
 
Following the observer (21), for ݉ ൌ ʹǡ and 
solving the LMI given by assumption 1, the 
observer gains ܭଵ and ܭଶǡ and positive definite 
matrix P are as follows 
 

ଵܭ ൌ � ൥
ͳͲǤʹͳ͵Ͳ
ͳ͸Ǥͳʹͳͳ
ͳͲǤͳͷͲͲ

൩ ǡ ଶܭ ൌ ൥
͵
ʹ
͵
൩ǡ� 

 

ܲ ൌ ൥
͵ͺǤͺͷ͸Ͳ െ͵͸Ǥ͹͹ͻͶ ͳͻǤͶ͸Ͳ͸
െ͵͸Ǥ͹͹ͻͶ ͵͹Ǥͻ͵͵ͳ െʹͲǤ͹ͺͻͺ
ͳͻǤͶ͸Ͳ͸ െʹͲǤ͹ͺͻͺ ͳ͸ǤͶͺ͸ͻ

൩ ൐ Ͳ 

 
With eigenvalues ߣଵሺܲሻ ൌ ͳǤ͵ͳͷͳǡ ଶሺܲሻߣ ൌ ͷǤʹͷͳͶǡ 
andߣ�ଷሺܲሻ ൌ ͺ͸Ǥ͹Ͳͻͷ. 
 
The performance index (quadratic synchronization 
error) of the corresponding synchronization 
process is calculated as 
 

ሻݐሺܬ ൌ ͳ
ݐ ൅ ͲǤͲͲͳන ȁ݁ሺݐሻȁொబଶ

௧

଴
ǡ ܳ଴ ൌ  ܫ

 
Figures. 3(a) and (c) show the obtained results by 
using the exponential polynomial observer (21), it 
is clear that the synchronization is achieved fairly 
acceptable even with the noisy measurements. 
The Colpitts circuit starts in ݔሺͲሻ ൌ ሾͲ Ͳ Ͳሿ் and 
the arbitrary initial conditions for the observer 
areݔ�ොሺͲሻ ൌ ሾʹǤͳ െͲǤͳ ͳǡͷͲ͸ሿ். Figure 3(d) shows 
the performance index of the synchronization, 
which depicts an exponential behavior. 
 
5.2 Synchronization of the Colpitts oscillator by 
means of the asymptotic reduced order observer 
 
Let us consider the normalized system of the 
Colpitts oscillator. We assume that the output 
system isݕ�� ൌ  ଶ, therefore, the slave systemݔ
consists in two estimation structures to achieve 
synchronization with the master system. Such 
structures are obtained as follows: Firstly, verify 
that the master system (Colpitts oscillator) is 
algebraically observable, and second, by using 

(13), we construct the observer for the unknown 
states. Previously, we have verified that master 
system (Colpitts oscillator) is algebraically observable 
(see Equations (18) and (19). Then, both unknown 
states of the master system are algebraically 
observable, and therefore, we can construct the 
observers based on Lemma 2 and Corollary 1. 
 
For ݔଵ the observer is given by: 
 

ሶଷߛ ൌ �െ
ଷଶܭ
ܾ ݕ െ  ଷߛଷܭ

(27) 

ොଵݔ ൌ �
ଷܭ
ܾ ݕ ൅  ଷߛ

 
and forݔ�ଷ, we have 
 
ሶସߛ ൌ �െܭସሾߛସ ൅   ሿݕ�ସܭ
ሶହߛ ൌ ሾܭହ െ ݀ሿ ௄ఱ௖௕ �ሾߛସ ൅ ሿݕ�ସܭ െ ݕହܭ െ  ହ           (28)ߛହܭ

ොଷݔ ൌ �െ ௄ఱ
௖௕ ሾߛସ ൅ ሿݕସܭ ൅   ହߛ

 
Therefore, (27) and (28) constitute the slave 
system. Now, we present some experimental 
results for the synchronization of the Colpitts 
oscillator by using the asymptotic reduced order 
observer (27) and (28). Figures 4(a) and (b) show 
the obtained results for the initial conditions 
ොଵݔ ൌ െʹǤͶͻͺ and ݔොଷ ൌ ͳǤͷͲ͸ in the schemes (27) 
and (28), respectively. As we can notice, the 
synchronization results achieved with the reduced 
order observer are good. Figure 4(c) presents the 
phase portrait, where the chaotic behavior of the 
Colpitts oscillator can be clearly observed. Finally, 
Figure 4(d) illustrates the performance index, which 
tends to decrease. 
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Figure 3. Real-time synchronization of Colpitts oscillator employing observer (21): (a) 
variables ݔଵ andݔ�ොଵ, (b) synchronization of variables ݔଶ and  ොଶ, (c) synchronization ofݔ

variables ݔଷ and ොଷ, and (d) performance indexݔ
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6. Synchronization with the high gain observer 
 
The matrix ܵఏ ൐ Ͳǡ ܵఏ ൌ ܵఏ்ǡ�that satisfies the 
algebraic Riccati equation (15) for a third order 
system ሺ݊ ൌ ͵ሻ, is given by: 
 

ܵఏ ൌ

ۉ

ۈ
ۇ

ଵ
ఏ െ ଵ

ఏమ
ଵ
ఏయ

െ ଵ
ఏమ

ଶ
ఏయ െ ଵ

ఏర
ଵ
ఏయ െ ଵ

ఏర
଺
ఏఱ ی

ۋ
ۊ

                                   (29) 

 
and its corresponding inverse matrix is,  
 

ܵఏିଵ ൌ ൭
ߠ͵ ଶߠ͵ ଷߠ
ଶߠ͵ ͷߠଷ ସߠʹ
ଷߠ ସߠʹ ହߠ

൱                                    (30) 

 
Then the high gain-observer for Colpitts system 
(17) is as follows: 
  

ොሶଵݔ ൌ െܿݔොଷ െ ොଶݔܿ െ ොଵݔ݀ ൅
ͷ
ܾ ߠ

ଷሺݕ െ  ොଶሻݔ
ොሶଶݔ ൌ ොଵݔܾ ൅ ݕଶሺߠ͵ െ  ොଶሻ                                      (31)ݔ
ොሶଷݔ ൌ ොଵݔܽ� െ ܽ ���ሺെݔොଶሻ ൅ ܽ

൅ ൬െ͵ߠଶ െ ͷ݀
ܾܿ ߠ

ଷ െ ʹ
ܾܿ ߠ

ସ൰ ሺݕ െ  ොଶሻݔ
 
Figure 5 depicts the synchronization between 
Colpitts oscillator (17) and its high gain observer 
(31). In order to obtain exponential convergence 
we have used ߠ ൌ ͳͲͲǤ As we can notice, the 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
performance on the high-gain observer is not good 
in comparison with the exponential polynomial 
observer and with the proportional reduced-order 
observer. An important advantage of the proposed 
methodologies is that the magnitudes of the 
observer gains are smaller than the ones used in 
the high-gain observer. 
 
7. Conclusion 
 
In this paper we tackled the synchronization problem 
based upon observer’s theory. As well as, its main 
contributions, we show the real-time synchronization 
in the Colpitts oscillator by using two observer 
structures: An exponential polynomial observer and 
an asymptotic reduced order observer. For  
comparison purposes we implemented a high-gain 
observer. Finally, some experimental results show 
the effectiveness of the proposed methodologies. 
 

 

 
 

Figure 4. Real-time synchronization of Colpitts oscillator using reduced-order observer (28) and (27):  
(a) synchronization of coordinates ݔଵ andݔ��ොଵ, (b) synchronization between ݔଷ andݔ��ොଷ, (c)  

Phase portrait of the master system (ݔଷ (horizontal) versus  ݔଵ (vertical)) 
 and the slave system ሺݔොଷ and  ොଵ), and (d) performance indexݔ
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Figure 5. Synchronization between Colpitts oscillator and 
its high-gain observer: (a) synchronization of coordinates 
 ොଷ,(c)ݔ�ଷ andݔ ොଵ, (b) synchronization betweenݔ�ଵ andݔ
Phase portrait of the master system (ݔଷ (horizontal) 

versus ݔଵ�(vertical)) and the slave system (ݔ�ොଷ versus ݔ�ොଵ), 
and (d) performance index 
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