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Effects of non-uniform nanoparticle concentration on entropy generation
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The entropy generation analysis of a thermal process is capable of determining the efficiency of that process and is therefore helpful to
optimize the thermal system operating under various conditions. There are several ingredients upon which the phenomenon of entropy
generation can depend, such as the nature of flow and the fluid, the assumed conditions, and the material properties of the working fluid.
However, the dependence of entropy generation phenomenon upon such properties has so far not been fully realized, in view of the existing
literature. On the other hand, based upon the existing studies, it has been established that the non-uniform concentration of nanoparticles in
the base fluid does cause to enhance the heat transfer rate. Therefore, it is logical to investigate the entropy production under the impact of
non-homogenous distribution of nanoparticles. Based upon this fact the aim of current study is to explore a comprehensive detail about the
influence of non-homogeneous nanoparticles concentration on entropy production phenomenon by considering a laminar viscous flow past a
moving continuous flat plate. Non-uniform concentration is considered in the nanofluid modeling in which the Brownian and thermophoretic
diffusions are considered which impart significant effects on velocity and temperature profiles. An exact self-similar solution to this problem
is observed to be possible and is reported. The effects of various controlling physical parameters such as Brinkman number, Schmidt
number, Prandtl number, diffusion parameter, and concentration parameter on both local as well as total entropy generation number and
Bejan number are elaborated by several plots and tables. The obtained results reveal a significant impact of all aforementioned parameters
on entropy generation characteristics. It is observed that by a 20% increase in nanoparticles concentration the total entropy generation is
increased up to 67% for a set of fixed values of remaining parameters.
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1. Introduction

The efficiency and optimum design of heat and mass trans-
ferring engineering systems can be analyzed with the aid of
second law of thermodynamics. According to this law, in
an irreversible process the entropy of thermal system grows,
which ultimately affects the efficiency of the whole system.
This means that one can further improve the thermal effi-
ciency of any heat exchanger by minimizing the entropy gen-
eration. For this purpose, the understanding of entropy gen-
eration phenomenon and the realization of its dependence
upon other ingredients had been a fundamental topic of in-
terest in heat transfer science. The reason behind this fact
is that, in the heat transfer processes temperature and vis-
cosity of the fluid are the key sources of entropy produc-
tion [1-4]. Owing to these facts, most of the researchers di-
rectly look forward to improve the productivity of a thermal
processes by the minimization of entropy generation. This
gave rise to theoretical studies where the authors use to con-
sider variety of flow assumptions for the investigation of en-
tropy generation phenomenon. For instance, Yilbas [5] ex-
amined the entropy generation in an annulus of concentric
cylinders with a moving outer cylinder. He found that the
entropy generation minimizes as the width of annulus de-
creases. Mahmud and Fraser [6] investigated the second law

of thermodynamics for forced convection flow inside a chan-
nel. Buttet al. [7] discussed the contribution of thermal radi-
ation in the analysis of entropy generation in classical Blasius
flow. Makinde [8] discussed the irreversibility phenomenon
for variable viscosity with the influence of Newtonian heat-
ing. He observed that a decrease in entropy production occurs
with an increment of variable viscosity. Buttet al. [9] deter-
mined that, the entropy generation in a thermal system can
be reduced due to the presence of hydrodynamic slip. Re-
cently, Mehmoodet al. [10] discussed the impact of wavy
surface texture on entropy generation phenomenon. The use
of nanoparticles in regular fluid has a wide range of appli-
cations in various fields of engineering such as microsystem
cooling, nano-medicine, and energy convection. In order to
achieve the efficiency of thermal engineering systems (in the
perspective of design and operation), the system should be
designed in such a way that it maximizes the heat transfer
and minimizes the entropy generation. Many authors dis-
cussed the entropy generation phenomenon by considering
different geometries and flow assumptions of heat transfer in
nanofluid. Rashidiet al. [11] investigated the irreversibility
phenomenon by considering a magnetic field in the presence
of uniform distribution of three different types of nanopar-
ticles. They observed that in the swirling disk flow, the en-
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tropy generation minimizes by decreasing values of magnetic
parameter. Noghrehabadet al. [12] discussed the nanofluid
flow along the stretching surface by considering heat gener-
ation phenomenon. Their numerical results showed that an
increase in heat generation parameter leads to the minimiza-
tion of entropy production. Rashidiet al. [13] discussed the
entropy production phenomenon for MHD blood flow in the
presence of nanoparticles. Significant effects upon entropy
production were observed in the main flow region with the
enhancement of Brinkman number. Almakkiet al. [14] stud-
ies the entropy generation in MHD nanofluid flow along a
non-linearly stretching surface. They concluded that entropy
generation is more affected by viscous dissipation in case of
large values of Reynolds number. However, all the afore-
mentioned and a lot of other similar studies available in lit-
erature rely on the fact that the distribution of nanoparticles
in the base fluid is constant/uniform. But, actually, reality is
quite different. In general, the nanoparticles’ distribution in
the base fluid is non-uniform. This assumption gives rise to
several difficulties in the mathematical handling of such prob-
lems. To avoid such difficulties, usually a homogenous model
is preferred. However, studies revealed that the assumption of
homogenous distribution of nanoparticles in a nanofluid leads
to certain incorrect results. For instance, Magia [15], Avra-
menkoet al. [16-17], and Mehmood and Usman [18] showed
that the rate of heat transfer is underpredicted by considering
the homogeneous distribution of nanoparticles. Furthermore,
experimental study of Franket al. [19] also shows that the
distribution of nanoparticles in a nanofluid is non-uniform
in nature. Migration of nanoparticles is observed through
confocal microcopy view. The experimental results showed
that, an increment in migration rate of nanoparticles leads to
an augmentation in convective flow rate. Non-uniform sus-
pension of nanoparticles in a nanofluid flow between rotat-
ing plates was also considered by Mehriet al. [20]. Ding
and Wen [21] discussed the migration of nanoparticles in a
pipe flow and found that the concentration of nanoparticles
in the central region of the pipe is greater than the wall re-
gion. They found that the viscosity gradient and Brown-
ian motion are responsible for non-uniform distribution of
nanoparticles. Avramenkoet al. [16] obtained a self-similar
solution of nanofluid flow with the consideration of non-
homogenous nanofluid modelling. They observed that due to
the non-uniform distribution of nanoparticles, the increments
in heat and mass transfer rates are more pronounced. Re-
cently, Mehmood and Usman [18] explored the non-uniform
concentration effects on moving plate boundary layer. They
compared the percent increments in heat transfer rate due to
homogenous and non-homogenous nanoparticles concentra-
tion models. They concluded that the non-homogenous dis-
tribution of nanoparticles leads to a substantial increase in
heat transfer rate in comparison to homogenous distribution.
These astonishing results of increased heat transfer rate for
a non-homogenous distribution of nanoparticles are due to
various possible factors which explain the relative slipping

effects of nanoparticle inside the regular fluid. These key
factors are very well explained by Buongiorno [22] where
he gave their mathematical form which enables one to incor-
porate the non-uniform distribution effects of nanoparticle in
the fluid flow and heat transfer problems. The Brownian mo-
tion phenomena is the first factor which highlights the role of
stochastic motion of nanoparticles within the fluid. The re-
maining factors are thermophores, and diffusiophores which
are responsible for the nanoparticle’s diffusion owing to the
temperature and concentration gradient. Furthermore, for the
nanoparticle’s concentration, a transport equation was also
taken into account along with transport equations of fluid
flow and heat transfer. The details of all these mechanisms
are further given in the mathematical description of the se-
lected non-homogenous model. From above cited studies (re-
lated to entropy production in nanofluid) and to the best of
the authors’ knowledge the entropy production phenomenon
had only been discussed for uniform distribution of nanopar-
ticles so far. Being convinced from the literature review in
the previous paragraph that the non-uniform distribution of
nanoparticle seems to be more effective as compared to uni-
form distribution, the present study aims to extend the work
of Mehmood and Usman [18] by considering the entropy pro-
duction phenomenon in a boundary-layer flow of a nanofluid
involving non-homogenous modelling of nanofluid. It is in-
teresting to observe the role of variable nanoparticle concen-
tration on entropy production. Because of the variable nature
of nanoparticles concentration, the averages of entropy gen-
eration and Bejan number are computed.

2. Problem statement and self-similar formu-
lation

A steady, two-dimensional boundary layer flow of an incom-
pressible nanofluid due to a moving continuous surface is
considered. A schematic diagram of flow geometry is shown
in Fig. 1. The governing equations of this flow are the famous
laws of conservations of mass, momentum, energy, and con-
centration. The consideration of a nanofluid flow, then, re-
quires appropriate modifications in the said governing laws.
However, there exists no unique model for the nanofluids
rather a variety of empirical and semi-empirical models is
available in literature. Moreover, complete information about

FIGURE 1. Physical model of the problem.
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the correct physical reasons about the significant enhancement of heat transfer anomaly is not yet available. However, based
upon their observations several researchers reported different reasons. Some of the important contributors (such as [25])
concluded that the dispersion of nanoparticles and hence the enhanced convective mixing (turbulence) are the primary agents
behind an enhanced rate of heat transfer. Later on Buongiorno [22] proved and reported that the said two agents are not
fully responsible for an enhanced heat transfer process of nanofluid, rather their contribution in this regard is negligible. To
identify the correct reasons, he considered the possible transport mechanisms: thermophoresis, inertia, Brownian diffusion,
diffusio-phoresis, Magnus effects, gravity effects, etc. and reported that only the Brownian motion and the thermophoresis are
significantly important contributors towards the expedition of heat transfer process. Based on these observations he improved
the laws of conservation of mass, momentum, energy, and concentration in the following way:

∇. (ρv) = 0 (1)
(

∂

∂t
+ (v.∇)

)
ρv = −∇p +∇.

(
µ

(
∇v +∇vT − 2

3
δ∇.v

))
, (2)

(
∂h

∂t
+ (v.∇)

)
ρh = ∇. (k∇T ) + ρpcp

(
DB∇φ.∇T + DT

∇T.∇T

T

)
, (3)

ρp

(
∂φ

∂t
+ (v.∇)φ

)
= ∇.

(
ρpDB∇φ + ρpDT

∇T

T

)
, (4)

wherev is the velocity vector,h(= cT ) is enthalpy in whichc andT represent specific heat and temperature, respectively, and
φ denotes the concentration of nanoparticles. The above transport equations have been written for an incompressible viscous
flow involving no body force and no chemical reaction. The nanofluid is assumed to be a dilute mixture of nanoparticles
and base fluid where both are in thermal equilibrium. The thermal transport process involves negligible effects of viscous
dissipation and radiative heat transfer. Because of the incompressibility conditions the fluid density is assumed to be spatially
independent but essentially an appropriate function of volume fractionφ and hence an indirect dependent on space. Such an
indirect dependence ofρ on φ and the dependence ofφ on space thus consequently make this model a non-homogeneous in
nature, with regard to the nanoparticle concentration. Though, there exist several such models (such as [22,23]) which do not
involve the variation of nanoparticles volume fraction and are commonly known as homogeneous models. Although such a
homogenous modelling results in a great mathematical simplicity and ease of handling, it significantly under-predicts the rate
of heat transfer. In this study, this has been shown that the non-homogeneous model gives further enhanced rate of heat transfer.
Based on similar arguments the involved fluid properties in system (1)-(4) are defined as follows:

µ =
µf

(1− φ)2.5 , DB =
kBT

3πµdp
, DT = βνφ, (5)

ρ = (1− φ) ρf + φρp, ρc = (1− φ) (cp)f + φ (cp)p , β = (1− φ)βf + φβp, (6)

K = kf

[
kp + 2kf + 2φ (kp + 2kf )
kp + 2kf − φ (kp + 2kf )

]
, (7)

where the dependence of these quantities onφ is quite obvious. HerekB anddp are the Boltzman constant and diameter of
particles, respectively. The subscriptf stands for fluid andp stands for particles. Equations (1)-(4), after the application of
boundary layer approximation take the following form (see for instance [16,18]):

∂ (ρu)
∂x

+
∂ (ρv)

∂y
= 0, (8)

u
∂ (ρu)

∂x
+ v

∂ (ρu)
∂y

=
∂

∂y

(
µ

∂u

∂y

)
, (9)

u
∂ (ρh)

∂x
+ v

∂ (ρh)
∂y

=
∂

∂y

(
k

∂T

∂y

)
+ ρpcp

(
DB

∂φ

∂y

∂T

∂y
+

DT

T

(
∂T

∂y

)2
)

, (10)

u
∂φ

∂x
+ v

∂φ

∂y
=

∂

∂y

(
DB

∂φ

∂y
+

DT

T

∂T

∂y

)
, (11)

whereu andv represent the velocity components alongx− andy− axes, respectively. The appropriate boundary conditions of
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this flow are given by

u (x, 0) = U0, v (x, 0) = 0,

(
DB

∂φ

∂y

)

y=0

= −
(

DT

T

∂T

∂y

)

y=0

,

u (x,∞) = 0, T (x,∞) = T∞ (h = h∞) , φ (x,∞) = φ∞, (12)

whereφ∞ is the ambient nanoparticles concentration,T∞ is the ambient temperature, and at the surface of the plate the Stefan’s
flow has been considered which controls the concentration gradient by the temperature gradient. This is quite fortunate that
such a complicated flow allows for an exact self-similar solution, which has already been justified by Avramenkoet al. [16].
The similarity variables utilized by [16] and then [18] are given by

η = y

√
U0

νfx
, ρu = ρ∞U0f

′ (η) , ρv =
ρ∞
2

√
U0νf

x
(ηf ′ − f) , h = h∞H (η) , φ = Φ (η) , (13)

due to which the governing system (8)-(11) is transformed to an equivalent system of ordinary differential equation of the form

Mf ′′′+
[
ρ̄

2
f+

(
M ′ − 2M

R′

R

)
Φ′

]
f ′′+
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R

)2

−M ′R
′

R
−M

R′′

R

]
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2
R′

R
fΦ′ −MΦ′′

R′

R

]
f ′ = 0, (14)

KH ′′ + H ′
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2
Prf
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R
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(
K ′ +

1
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+ 2
(

R′

R
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)(
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))]

+ Φ′2
[
D̄

(
R′

R
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RC

)2

+ K

(
2
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RC2
− 2
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R
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RC
+

R′′

R
− RC ′′
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)]

+
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LeH
+ H

(
R′

R
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)[
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(
1
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)]

= 0, (15)

Φ′′
[
1 + D̄
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R
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)
H

]
+ Φ′

[
H ′
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D′

T

H
+ D′

B

)
+

ρ̄

2R
Scf

]
+ D̄

(
H ′′

H
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)

+ Φ′2
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R
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(
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R′′

R
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RC

)]
= 0, (16)

whereRC (φ) = (1− φ) + φ(ρcp/ρcf ), M (φ) = (1− φ)−2.5
, R (φ) = (1− φ) + φ(ρp/ρf ), K (φ) = [kp + 2kf +

2φ(kp− kf )]/[kp + 2kf − φ(kp − kf )], ρ̄ = ρ∞/ρf , P r = µfcf/kf , Sc [H (η)] = µf/ρfDB , Le [H (η)] =
(Sc [H (η)]/Pr)(ρfcf/ρpcp), D̄ = DT /DB . In this system primes in the functionsf , H, andΦ stand for derivative w.r.t.η
while R′, RC ′, K ′, D′

T andM ′ mean derivative w.r.t.Φ and the prime in the functionDB denotes its derivative w.r.tH. The
self-similar form of respective boundary conditions read as

f (0) = 0, f ′ (0) =
R (φw)

ρ̄
, H (0) =

hw

h∞
,

(
H ′

H

)

η=0

= Φ′ (0)
(

RC ′

RC
− D̄

)
,

f ′ (∞) = 0, H (∞) = 1, Φ(∞) = φ∞. (17)

In energy Eq. (10), enthalpy is replaced by temperature to eliminate the additional parameterhw/h∞ arising in Eq. (17).
Also, we assume that the specific heat capacity in Eq. (10) is taken as constantc∞ instead of a function of nanoparticles con-
centration for mathematical simplification. Furthermore, it will be assumed thatDB andDT are constant and the temperature
T∞ arising in Eq. (10) and (11) is also constant. The self-similar form of (10) and (11) under these assumptions read as

KΘ′′ + Θ′
(

Φ′

Le
+ K ′Φ′ +

ρ̄

2
Prf

)
+

D

Le
Θ′2 = 0, (18)

Φ′′ − ρ̄

2R
ScfΦ′ + DΘ′′ = 0, (19)

whereΘ(η) = (T − Tw)/(T∞ − Tw), P r = (µfc∞/kf ), Le = (Sc/Pr)(ρfc∞/ρpcp), andD = (DT /DB)([T∞ − Tw]/T∞).
The boundary conditions (17) therefore take the following form

f (0) = 0, f ′ (0) =
R (φw)

ρ̄
, Θ(0) = 0, DΘ′ (0) + Φ′ (0) = 0, f ′ (∞) = 0, Θ(∞) = 1, Φ(∞) = φ∞. (20)
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3. Entropy generation

According to second law of thermodynamics, the entropy of the system always increases for any irreversible process and
is directly related to loss of available work (Gouy-Stodela theorem). Therefore, the improvement into the thermodynamic
performance of an engineering system requires the inclusion of thermal irreversibility analysis into the thermodynamic analysis.
Bejan [1] initiated the work in this field and explained, in the light of second law of thermodynamics, that the two main factors
(the heat transfer due to temperature difference and the viscous dissipation) are responsible for entropy production in a fluid
flow. For a viscous (pure/base) fluid the expression of entropy generation as given by Bejan [1] for a steady two-dimensional
boundary layer flow after boundary-layer approximation reads as

SG = (SG)f + (SG)T , (21)

SG =
µ

T∞

(
∂u

∂y

)2

+
k

T 2∞

(
∂T

∂y

)2

, (22)

where the first term is due to viscous dissipation and the second term is due to temperature gradient. For the case of nanofluid
flow involving non-uniform concentration of nanoparticles the above expression gets modified to include the concentration
gradients. Therefore, the local entropy generation rate(SG), in view of Buongiorno’s model, is expressed as

SG =
k

T 2
(∇T )2 +

1
T

Φ∗ +
ρpcpDB

φ2
∇φ.∇φ +

ρpcpDT

φ2T
∇T.∇φ +

ρpcpDB

φ2T
∇T.∇φ +

ρpcpDT

T 2
(∇T )2 , (23)

where
∇ =

∂

∂x
î +

∂

∂y
ĵ

is the differential operator and

Φ∗ = µ

(
2

[{
∂u

∂x

}2

+
{

∂v

∂y

}2
]

+
[

∂v

∂x
+

∂u

∂y

]2
)

is is the viscous dissipation function in two dimensions. After boundary layer approximation, the above equation read as

SG =
k

T 2∞

(
∂T

∂y

)2

+
1

T∞

(
∂u

∂y

)2

+
ρpcpDB

φ2∞

(
∂φ

∂y

)2

+
ρpcpDT

φ2∞T∞

(
∂T

∂y

)(
∂φ

∂y

)
+

ρpcpDB

φ2∞T∞

(
∂T

∂y

)(
∂φ

∂y

)
+

ρpcpDT

T 2∞

(
∂T

∂y

)2

. (24)

From the above equation it is noted that, the entropy generation not only depends upon the thermophysical properties of
nanofluid but also depends upon the Brownian diffusion. Hence, Eq. (24) reflects the contribution of concentration gradients,
which is directly associated with the consideration of non-homogenous modeling of nanofluid. This fact highlights the im-
portance and provides justification for the consideration of this problem. In view of similarity variables (13), Eq. (24) also
transforms as,

Ns

Rex
=

SG

SG0

=
(

k (φ) +
D

LeΩT

)
Θ′2 + M (φ)

ρ̄2

R4

Br

ΩT
[Rf ′′ − f ′R′Φ′]2

+
(

D

Ω2
T φ2∞Le

+
1

LeΩT

)
Θ′Φ′ +

1
Ω2

T φ2∞Le
Φ′2, (25)

whereSG0 = kf (ΩT /x)2 , ΩT = ∆T/T∞, Br = µfU2
0 /kf∆T are the characteristic entropy, the dimensionless tem-

perature, and Brinkman number, respectively. In convective heat transfer problems, the dimensionless parameter (irreversible
distribution ratio)φ∗ is considered to quantify the involvement of heat transfer rate, viscous dissipation, and diffusivity in the
production of entropy. For the current problem it is defined as

φ∗ =
M (φ)

ρ̄2

R4

Br

ΩT
[Rf ′′ − f ′R′Φ′]2

(
k (φ) +

D

LeΩT

)
Θ′2 +

(
D

Ω2
T φ2∞Le

+
1

LeΩT

)
Θ′Φ′ +

1
Ω2

T φ2∞Le
Φ′2

. (26)

Equation (26) indicates that, for0 < φ∗ < 1 thermal irreversibility is dominant, while the irreversibility due to fluid viscosity
and diffusivity are dominant forφ∗ > 1. In this connection, the local Bejan number(Be) in terms of irreversibility ratio has
the following form

Be =
1

1 + φ∗
. (27)
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Since the concentration of nanoparticles is non-uniform in
the base fluid. Due to this fact, to examine the overall pro-
duction of entropy in the flow phenomenon, the average val-
ues are computed. The dimensionless average entropy gen-
eration number (total entropy generation) and average Bejan
number can be calculated by integrating local entropy gener-
ation number and local Bejan number by using the following
formulae:

N̄s =
1
∀

∫

∀
Nsd∀, (28)

B̄e =
1
∀

∫

∀
Bed∀ (29)

where∀ represents boundary layer thickness.

4. Local and total entropy generation

A built-in package of MATLAB software bvp4c has been im-
plemented for the Eqs. (14), (18) and (19) with boundary
conditions (20) to get a numerical solution. The impact of in-
volved parametersφ∞, D, Sc, Br, andPr on entropy gener-
ation rate and Bejan number are explored through Figs. 2-12.
All the graphical results show that the moving plate surface
is a substantial source of irreversibility production, and its
impact on entropy production gradually vanishes out as one

FIGURE 2. Local entropy generation profile for different Br.

FIGURE 3. Be plotted againstη for different Brinkman number.

FIGURE 4. Dependence of local entropy generation number onD.

TABLE I. Average entropy number̄Ns and average Bejan number
B̄e with variation of Br at fixed Pr = 6, ρp/ρf = 3.98195,
Sc = 10, φ∞ = 0.1 andD = 0.05.

Br 0.5 1.0 1.5 2.0 3.0

N̄S 0.1566 0.1930 0.2294 0.2658 0.3386

B̄e 0.1016 0.0809 0.0685 0.0598 0.0481

TABLE II. Impact of D upon N̄s and B̄e at fixed Pr = 6,

ρp/ρf = 3.98195, Sc = 10, Br = 0.5, φ∞ = 0.1

D 0.01 0.05 0.1 0.3 0.5 0.6

N̄S 0.1534 0.1566 0.1594 0.1741 0.20160.2204

B̄e 0.0946 0.1016 0.1116 0.1341 0.13990.1445

starts to get away from the plate. Finally, the entropy gen-
eration phenomenon completely vanishes in the free stream
region. Figure 2 explores the impact of Brinkman number
(Br) on local entropy generation. This Figure depicts that
the entropy generation increases asBr takes larger values.
This augmentation is quite obvious owing to fluid friction
which corresponds to entropy production elevation. It is fur-
ther observed that theNs profile also exhibits a boundary
layer character for which theNs-layer thickness increases by
increasing the values ofBr. Figure 3 represents the effects
of Brinkman number on local Bejan number(Be). The lo-
cal Bejan number decreases with the increase ofBr. The
higher values ofBr correspond to boost the viscous effect
which ultimately leads to fluid friction irreversibility domi-
nance. However, for a fixed value ofBr, this Figure illus-
trates the dominance of thermal irreversibility at the heated
surface but in distant region (far from boundary) the contribu-
tion of viscosity and diffusivity in the production of entropy
becomes the major source. In this figure theBe-layer is seen
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FIGURE 5. Impact ofD on local Bejan number.

FIGURE 6. Variations in local entropy generation due to nanopar-
ticle concentration parameter.

to not be affected significantly with an increase ofBr values.
The quantitative results of average entropy generation num-
ber

(
N̄s

)
and average Bejan number

(
B̄e

)
with the variation

of Br are reported in Table I in which average entropy gen-
eration shows an increasing trend for largerBr and a reverse
trend for

(
B̄e

)
. Figure 4 shows the effect of diffusion pa-

rameter(D) on local entropy generation profile. This figure

FIGURE 7. Local Bejan number plotted for different values ofφ∞.

reflects that the local entropy generation is increased near the
moving plate upon increasing diffusion parameter(D) and
away from the wall the influence of diffusion parameter is
reversed but such an influence is very less pronounced. Fig-
ure 5 also depicts a similar trend of local Bejan number(Be)
where it is plotted under the impact of diffusion parameter.
The average Bejan number is also calculated and its variation
with diffusion parameter is listed in Table II. Average Bejan
number increases due to augmentation in diffusion parame-
ter. But, for the considered range of diffusion parameter in
Table II, it is observed that the average Bejan number attains
lesser values than 0.5 which points out a very robust viscous
irreversibility in the most part of boundary-layer region. The
influence of nanoparticle concentration onNs is shown in
Fig. 6 from where it can clearly be seen that loading of higher
concentration corresponds to increase the entropy generation
phenomenon which is, however, a trivial fact because the ad-
dition of nanoparticles in base fluid enhances the fluid friction
and thermal conductivity. Impact of nanoparticles concentra-
tion φ∞ on Be is depicted in Fig. 7. Strongerφ∞ leads to
reduce the local Bejan number near the wall and in distant

TABLE III. Average values ofNs andBe for various values ofSc andφ∞ at fixedPr = 6, Br = 0.5, D = 0.05 andρp/ρf = 3.98195.

Sc φ∞

0 0.03 0.05 0.07 0.1 0.15 0.2

10 N̄S 0.1167 0.1187 0.1328 0.1431 0.1566 0.1784 0.2014

B̄e 0.0927 0.1179 0.1101 0.1053 0.1016 0.0995 0.0992

50 N̄S 0.1167 0.1269 0.1356 0.1436 0.1554 0.1759 0.1981

B̄e 0.0927 0.0958 0.0952 0.0951 0.0952 0.0958 0.0967

80 N̄S 0.1167 0.1274 0.1356 0.1433 0.1549 0.1753 0.1971

B̄e 0.0927 0.0948 0.0946 0.0946 0.0948 0.0995 0.0965

100 N̄S 0.1167 0.1275 0.1355 0.1431 0.1546 0.1749 0.1969

B̄e 0.0927 0.0945 0.0944 0.0945 0.0947 0.0955 0.0965

1000 N̄S 0.1167 0.1275 0.1347 0.1419 0.1532 0.1731 0.1948

B̄e 0.0927 0.0934 0.0934 0.0936 0.0940 0.0949 0.0960
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FIGURE 8. Effects ofSc on local entropy generation.

FIGURE 9. Local Bejan number profile for various values ofSc.

region. The average entropy number along with average Be-
jan number have been summarized in Table III. Increasing the
nanoparticle concentration from 0 to 0.2, it is observed that,
(N̄s) is increased upto 1.72 times whereas(B̄e) is increased
upto 1.07 times forSc = 10. It is also interesting to note
from this Table that, an increase in Schmidt number(Sc)
leads to minimize the entropy generation. Bejan number also
decreases with the variation ofSc. For instance, in the case
of Sc = 1000, for the considered range of nanoparticles con-
centration 1.67 and 1.03 times increment in(N̄s) and(B̄e)
is achieved, respectively. This means that loading of more
and more nanoparticles leads to strengthen the heat transfer
irreversibility within the boundary-layer. One can also notice
from this Table that the total entropy generation number and
Bejan number are increased up to almost 67% and 3%, re-
spectively, with 20% enhancement ofφ∞ in comparison to
the pure fluid (Water) atSc = 1000. Such a behavior of lo-
cal entropy generation number and Bejan numbers can also
be seen in Figs. 8 and 9. Influence of Prandtl number(Pr)
on the local entropy profile is explored in Fig. 10. For higher
values ofPr, intense enhancement in local entropy profile
is noticed close to the boundary but again reverse effects are
observed at some distance away from plate. Average of en-
tropy number is increased to 1.56 times as Pr varies from 6 to
16 (refer to Table IV). Figure 11 depicts the behavior of local
Bejan profile for various values of Pr. In the near wall region,
the local Bejan number increases while reduces in the upper

FIGURE 10. Local entropy generation profile for various values of
Pr.

FIGURE 11. Influence ofPr on local Bejan number profile.

TABLE IV. Average entropy number̄Ns and average Bejan num-
ber B̄e for different base fluids atD = 0.05, ρp/ρf = 3.98195,
Sc = 10, φ∞ = 0.1 andBr = 0.05.

P r 6 8 10 13 16

N̄S 0.1567 0.1782 0.1970 0.2214 0.2434

B̄e 0.1001 0.0926 0.0876 0.0828 0.0795

FIGURE 12. Comparative profile of entropy generation.
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FIGURE 13. Nusselt number plotted againstφ∞. FIGURE 14. Concentration profile for differentSc.

TABLE V. Comparison of Average values of entropy generation number and Bejan number for Non-homogenous concentration and homoge-
nous concentration of nanoparticles at fixedPr = 0.6, Br = 0.5, andρp/ρf = 3.98195.

φ∞ N̄S(non-homogeneous) N̄S(homogeneous) B̄e(non-homogeneous) B̄e(homogeneous)

Sc = 10, D = 0.05 Sc = 10, D = 0.05

0.01 0.0966 0.1185 0.0860 0.0937

0.05 0.1342 0.1255 0.1069 0.0981

0.1 0.1567 0.1349 0.1001 0.1037

0.2 0.2010 0.1558 0.0986 0.1153

TABLE VI. Effects ofφ∞ on heat transfer rate forPr = 6, Br = 0.5, ρp/ρf = 3.98195, andD = 0.05.

φ∞ 0 0.01 0.03 0.05 0.07 0.1 0.15 0.2

Nu 1.2754 1.3359 1.4120 1.4898 1.5693 1.6921 1.9072 2.1370

half of the times boundary layer with the increment ofPr.
It is seen from Table IV that, the reduction of average Bejan
number is 0.8 times with the increment ofPr. This behav-
ior of Bejan number shows that irreversibility due to viscous
dissipation starts to be dominant with an increment inPr.
From Figs. 10 and 11 it is also noticeable thatNs-layer thick-
ness andBe- layer thickness both decrease upon increasing
the Prandtl number which is alike with the behavior of the
temperature profile. A comparative analysis for average en-
tropy generation number and average Bejan number for ho-
mogenous and non-homogenous concentration of nanoparti-
cles in nanofluid has been given in Table V. It is observed
that with 20% concentration of nanoparticles, the total en-
tropy production is increased by almost 29% in the case of
non-homogenous concentration in comparison with homoge-
nous concentration. This clearly shows that the uniform dis-
tribution of nanoparticles in the mixture does underpredict
the production of entropy. Influence of various physical pa-
rameters on heat transfer rate are illustrated through Tables
VI-XIX. Impact of nanoparticles concentration on Nusselt
number have been given in Table VI. The value ofNu is
increased upto 1.67 times by the enhancement ofφ∞ from 0
to 0.2.

This shows that heat transfer rate augments, which is a
similar trend as the total entropy of the system increases by

the increase ofφ∞ (see Table III). Moreover, in view of Ta-
bles II-IV and Tables VII-IX, it is seen that the similar impact
of physical parametersD, Sc, andPr on average values of
entropy generation and heat transfer rate has been noticed.
This clearly reflects a strong relationship between the Nus-
selt number and the entropy generation number. Since, the
heat is being transferred to the fluid, therefore, the entropy

TABLE VII. Impact ofD on heat transfer forPr = 6, Br = 0.5,
Sc = 10, ρp/ρf = 3.98195, φ∞ = 0.1.

D 0.01 0.05 0.1 0.3 0.5 0.6

Nu 1.6718 1.6921 1.7161 1.7973 1.8564 1.8786

TABLE VIII. Nu for different base fluids atD = 0.05, Br = 0.5,
Sc = 10, ρp/ρf = 3.98195, φ∞ = 0.1.

Pr 6 8 10 13 16

Nu 1.6921 1.9839 2.2416 2.5847 2.8908

TABLE IX. Impact of Schmidt number onNu at D = 0.05,
Br = 0.5, Pr = 6, ρp/ρf = 3.98195, φ∞ = 0.1.

Sc 10 50 80 100 1000

Nu 1.6921 1.6752 1.6726 1.6716 1.6673
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TABLE X. Relative values ofN̄s andB̄e for various values ofSc andφ∞ at fixedPr = 6, Br = 0.5, D = 0.05 andρp/ρf = 3.98195.

Sc φ∞

0 0.03 0.05 0.07 0.1 0.15 0.2

10
(
N̄s

)
nano

/
(
N̄s

)
pure

1 1.0171 1.1379 1.2262 1.3419 1.5287 1.7257(
B̄e

)
nano

/
(
B̄e

)
pure

1 1.2718 1.1877 1.1359 1.0960 1.0377 1.0701

50
(
N̄s

)
nano

/
(
N̄s

)
pure

1 1.0874 1.1619 1.2305 1.3316 1.5072 1.6975(
B̄e

)
nano

/
(
B̄e

)
pure

1 1.0334 1.0269 1.0258 1.0269 1.0334 1.0431

80
(
N̄s

)
nano

/
(
N̄s

)
pure

1 1.0916 1.1619 1.2279 1.3273 1.5012 1.6889(
B̄e

)
nano

/
(
B̄e

)
pure

1 1.0226 1.0204 1.0204 1.0226 1.0302 1.0409

100
(
N̄s

)
nano

/
(
N̄s

)
pure

1 1.0925 1.1610 1.2262 1.3247 1.4987 1.6872(
B̄e

)
nano

/
(
B̄e

)
pure

1 1.0194 1.0183 1.0194 1.0215 1.0302 1.0409

1000
(
N̄s

)
nano

/
(
N̄s

)
pure

1 1.0925 1.1542 1.2159 1.3127 1.4832 1.6692(
B̄e

)
nano

/
(
B̄e

)
pure

1 1.0075 1.0075 1.0097 1.0140 1.0237 1.0355

of the fluid is increased by the increase of Nusselt number.
The relative values of average entropy and Bejan number is
calculated through Table X for different values of nanoparti-
cle concentration andSc. It is observed that a 20% addition
of nanoparticles in the working fluid increased up to 72%
the entropy generation. Although addition of nanoparticles
enhanced heat transfer rate, the results of Table X show a
higher energy consumption. The impact of Schmidt number
upon relative entropy generation is shown in Table X. It is
noted that large values ofSc reduce entropy generation. It
means that due to weak Brownian motion entropy production
minimizes as well as the heat transfer rate also reduces. Fig-
ure 12 highlights the plot of separate entropies generated due
to heat transfer and viscous dissipation. It is seen that in the
vicinity of the plate entropy production due to heat transfer
is higher than the entropy due to viscous dissipation and this
behavior is reversed in a faraway region. Moreover, entropy
production due to viscous dissipation is quite small as com-
pared to the entropy produced due to heat transfer. Nusselt
number as a function ofφ∞ is plotted in Fig. 13 for both ho-
mogeneous and non-homogeneous concentration of nanopar-
ticles. Increase ofφ∞ augments heat transfer rate but this en-
hancement is higher in case of non-homogeneous concentra-
tion. Concentration profile for large values ofSc is observed
through Fig. 14, in which it is clearly seen that the concen-
tration of nanoparticles within the boundary layer is not ho-
mogeneous rather the concentration profile also possesses a
boundary layer character. This justifies the consideration of
current non-homogeneous nanofluid model.

5. Concluding remarks

The present analysis explores the entropy production phe-
nomenon for a nanofluid flow with non-homogenous distri-
bution of nanoparticles. On the basis of results of current
study, it is concluded that

• Both the local and total entropy generation numbers
increase with the increment of Brinkman number and
diffusion parameter. Whereas a reverse trend is noticed
in local and total Bejan number except from the fact
that increase in diffusion parameter leads to increase
the local Bejan number near the plate surface.

• Increase in nanoparticles concentration also results in
an increment of both local and total entropy produc-
tion within the boundary-layer region. In conclusion,
adding more nanoparticles is in fact very useful as the
fluid friction contribution in entropy production is tol-
erably less than the contribution of heat transfer. A
similar trend is also observed for the average Bejan
number.

• Almost 67%, and 3%, increase in total entropy gener-
ation, and Bejan number, respectively, is observed for
the 20% concentration of nanoparticles in comparison
to the pure fluid,i.e., water when Schmidt number is
kept fixed at 1000.

Nomenclature

x, y Spatial coordinates
u, v Velocity components
c Specific heat of fluid
h Enthalpy
U0 Constant wall velocity
T Temperature of the fluid
DT Thermophoretic diffusion coefficient
DB Brownian diffusion coefficient
D Diffusion parameter
dp Nanoparticle diameter
kB Boltzman constant
T∞ Ambient temperature
Tw Temperature at the surface

Rev. Mex. Fis.68010601



EFFECTS OF NON-UNIFORM NANOPARTICLE CONCENTRATION ON ENTROPY GENERATION 11

Pr Prandtl number
k Thermal conductivity of fluid
Sc Schmidt number
Br Brinkman number
SG Volumetric rate of entropy generation
SG0 Characteristic entropy generation rate
Ns Dimensionless entropy number
Be Bejan number
N̄s Average entropy generation
B̄e Average Bejan number
Greek Letters
η Similarity variable
Θ Dimensionless temperature

µ Dynamic viscosity
ν Kinematic viscosity
ρ Density of the fluid
β Thermal expansion
Φ Dimensionless concentration
Φ∗ Viscous dissipation function
φ Nanoparticle concentration
φ∗ Irreversible distribution ratio
Subscripts
f Pure fluid
p nanoparticles
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