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Soliton solutions of nonlinear fractional differential
equations with their applications in mathematical physics
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In this study, the generalized Kudryashov method has been used to investigate a certain type of nonlinear fractional differential equations.
Firstly, we proposed a fractional complex transform to convert fractional differential equations into ordinary differential equations. Three
applications were given to demonstrate the effectiveness of the present technique. The results show that this method is very effective and
powerful mathematical tool for solving nonlinear fractional equations arising in mathematical physics. As a result, abundant types of exact
solutions are obtained.
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1. Introduction

Nonlinear differential equations appear in many fields, such
as in fluid mechanics, viscoelasticity, chemistry, physics, en-
gineering, biology, fluid flow, signal processing, control the-
ory, systems identification, fractional dynamics and finance.
Nonlinear phenomena play a crucial role in applied mathe-
matics and physics. It was stated in literature that the nonlin-
ear wave phenomena of dissipation, diffusion, dispersion, re-
action and convection have important roles in nonlinear wave
equations. New exact solutions might be used to find new
phenomena in this field. In the literature, there are many
methods to find new exact solutions, such as the tanh-sech
method [1], the functional variable method [2–4], the exp-
function method [5, 6],(G’/G)-expansion method [7, 8], the
generalized exponential rational function method [9–11], the
reproducing kernel method [12], Hirota method [13, 14] and
the ansatz method [15,16].

In recent years, the importance of fractional (non-
integers) differential equations has increased. Fractional cal-
culus is as old as conventional calculus, but is not as popular
in science and engineering as conventional calculus. In the
last centuries this subject was studied only in mathematics,
In recent years it has been used in many fields of engineer-
ing and science [17]. Among the investigations for fractional
differential equations (FDEs), research for finding approxi-
mate/exact solutions of FDEs is an important topic [18–22].

As a result, many methods had been developed such
as, the exp-function method [23–26], the

(
G′
G

)
-expansion

method [27–29], the first integral method [30–32], the sub-
equation method [33–36], the functional variable method
[37, 38] and the simplest equation method [39] so on. With

the help of these methods, solutions of FDEs have been es-
tablished.

Our goal in this work is to present the exact solutions
of time-fractional Cahn-Allen equation, space-time fractional
Klein-Gordon equation and space-time fractional Zakharov
Kuznetsov Benjamin Bona Mahony (ZK-BBM) equation. In
Chapter 2, we give preliminaries and notations, in Chap-
ter 3 we describe the algorithm for using the generalized
Kudryashov method with fractional complex transform to
solve nonlinear FDEs. In Chapter 4, 5 and 6, we obtained
exact solutions of time-fractional Cahn-Allen equation [40]

Dα
t u− uxx + u3 − u = 0, 0 < α ≤ 1, t > 0, (1)

space-time fractional Klein-Gordon equation [35]

D2α
t u + D2α

x u + γu− βu2 = 0,

0 < α ≤ 1, t > 0, (2)

whereγ andβ are a non zero constants. The ZK-BBM equa-
tion [35]

Dα
t u + Dα

x u− 2auDα
x u− bDα

t (D2α
x u) = 0,

0 < α ≤ 1, t > 0, (3)

wherea andb are arbitrary constants andα is a parameter
describing the order of the fractional derivative.

2. Preliminaries and Notations

We give some basic concepts that we will use in this paper.
Jumarie’s modified Riemann–Liouville derivative of orderα
is defined as [41] :
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Dα
t f(t) =





1
Γ(1−α)

t∫
0

(t− ξ)−α−1(f(ξ)− f(0))dξ , α < 0

1
Γ(1−α)

d
dt

t∫
0

(t− ξ)−α(f(ξ)− f(0))dξ , 0 < α < 1

(f (n)(t))(α−n) , n ≤ α < n + 1, n ≥ 1.

(4)

Some important properties of the fractional modified
Riemann–Liouville derivative were summarized in [42,43]:

Dα
t tr =

Γ(1 + r)
Γ(1 + r − α)

tr−α , r > 0 (5)

Similar to integer-order differentiation, the Jumarie’s
modified fractional differentiation is a linear operation:

Dα
t (af(t) + bg(t)) = aDα

t f(t) + bDα
t g(t), (6)

wherea andb are constants. The last properties are

Dα
t c = 0, c = constant (7)

dαx(t) = Γ(1 + α)dx(t) (8)

We will use these facts in some problems.

3. The generalized Kudryashov method and
the fractional complex transform

For given general nonlinear FDEs for an unknown functionu
of independent variables,x, t :

P (u,Dα
t u, Dβ

xu,Dα
t Dα

t u,Dα
t Dβ

xu,Dβ
xDβ

xu, ...) = 0,

0 < α, β ≤ 1 (9)

whereDα
t u and Dβ

xu are the modified Riemann-Liouville
derivatives ofu with respect tot andx. P is a polynomial
of u = u(x, t) and its partial fractional derivatives, in which
the highest order derivatives and the nonlinear terms are in-
volved.

Li and He [44, 45] developed a fractional complex trans-
form to convert FDEs into ordinary differential equations
(ODEs). With the help of this transformation, analytical
methods devoted to the calculus can be easily applied to the
fractional calculus.

We presented the main steps of the generalized
Kudryashov method as follows [43]:

Step 1: Firstly, we investigate the travelling wave solu-
tion of Eq. (9) as following form;

u(x, t) = U(ξ), ξ =
kxβ

Γ(1 + β)
− ctα

Γ(1 + α)
, (10)

wherek andc are non zero arbitrary constants.
Substituting (10) with (5) into (9), we can rewrite Eq. (9)

in the following nonlinear ODE;

Q(U,U
′
, U ′′, U ′′′, .....) = 0. (11)

where the prime denotes the derivation with respect toξ. We
should integrate Eq. (11) term by term one or more times.

Step 2: The exact solutions of Eq. (11) can be obtained
in the following form:

U(ξ) =
N∑

i=0

aiF
i(ξ) = a0 + a1F (ξ)

+ a2F
2(ξ) + ... + aNFN (ξ) (12)

whereai are unknown constants,F (ξ) is the function as:

F (ξ) =
1

1± eξ
. (13)

This function satisfies to first order the ordinary differen-
tial equation

Fξ = F 2 − F. (14)

We will use Eq. (14) to calculate the derivatives of the
functionU(ξ).

Step 3: We should calculate the derivatives of function
U(ξ). As an example we consider the general case whenN
is arbitrary. Taking into consideration Eq. (12), we obtain

Uξ =
N∑

i=1

aii(F − 1)F i, (15)

Uξξ =
N∑

i=1

aii
[
(i + 1)F 2 − (2i + 1)(F − 1)

]
F i. (16)

The higher order derivatives of functionU(ξ) can be
found in [46].

Step 4: We substitute the expression (14) in Eq. (11).
Later, we takeU(ξ) from Eq. (12) into account. Thus, Eq. (9)
takes the form

p [F (ξ)] = 0, (17)

wherep [F (ξ)] is a polynomial of functionF (ξ). We collect
all terms with the same powers of functionF (ξ) and equate
these expressions equal to zero. Thus, we get a system of
algebraic equations. By solving this system, we obtain the
exact solutions of Eq. (9).

Rev. Mex. F́ıs. 67 (3) 422–428



424 A. C. CEVIKEL AND E. AKSOY

4. Applications

We obtained the exact solutions of three fractional differen-
tial equations by using the generalized Kudryashov method.

4.1. The time-fractional Chan-Allen equation

We consider the travelling wave solutions of Eq. (1) and we
perform the transformationu(x, t) = u(ξ) and

ξ = kx− ctα

Γ(1 + α)
, (18)

wherek andc are nonzero constants. Plugging Eq. (18) in
(1), the equation can be reduced to an ODE,

cu′ + k2u′′ − u3 + u = 0, (19)

whereu′ = du/dξ. Using the Eq. (19), for the linear term
of highest orderu′′ with the highest order nonlinear termu2.
We have that, balancingu′′ with u2 in Eq. (19) gives

N + 2 = 3N ⇒ N = 1. (20)

Thus, we have

u(ξ) = a0 + a1F (ξ). (21)

By substituting Eq. (21) into (19) using Eq. (13) and then
setting the coefficients ofF i (i = 0, 1, 2, 3) to be zero, we get
algebraic equations abouta0, a1, c andk. If we solve these
algebraic equations:

Case 1:

a0 = 0, a1 = −1, c = 3
2 k = ± 1

2 (22)

Case 2:

a0 = 0, a1 = 1, c = 3
2 k = ± 1

2 (23)

Case 3:

a0 = 1, a1 = −1, c = − 3
2 k = ± 1

2 (24)

Case 4:

a0 = −1, a1 = 1, c = − 3
2 k = ± 1

2 (25)

When we substitute Eqs. (22)-(25), we have the following
solutions of FDE (1):

u1(x, t) = − 1

1 + cosh
[
± x√

2
− 3tα

2Γ(1+α)

]
+ sinh

[
± x√

2
− 3tα

2Γ(1+α)

] , (26)

u2(x, t) =
1

1 + cosh
[
± x√

2
− 3tα

2Γ(1+α)

]
+ sinh

[
± x√

2
− 3tα

2Γ(1+α)

] , (27)

u3(x, t) = 1− 1

1 + cosh
[
± x√

2
+ 3tα

2Γ(1+α)

]
+ sinh

[
± x√

2
+ 3tα

2Γ(1+α)

] , (28)

u4(x, t) = −1 +
1

1 + cosh
[
± x√

2
+ 3tα

2Γ(1+α)

]
+ sinh

[
± x√

2
+ 3tα

2Γ(1+α)

] . (29)

Remark 1: We get the hyperbolic function solutions of
the time-fractional Chan-Allen equation and these obtained
exact solutions are soliton solutions.

4.2. The space-time fractional Klein-Gordon equation

We will investigate the travelling wave solutions of Eq. (2),
for which we implement the transformationu(x, t) = u(ξ)
and

ξ =
kxα

Γ(1 + α)
− ctα

Γ(1 + α)
, (30)

wherek andc are nonzero constants. Combining Eqs. (2) and
(30) reduces the equation to an ODE,

(c2 − k2)u′′ + γu− βu2 = 0, (31)

whereu′ = du/dξ. Setting Eqs. (12) and (16) into Eq. (31)
and balancing the highest order nonlinear terms ofu′′ andu2

in Eq. (31),

N + 2 = 2N ⇒ N = 2. (32)

Therefore, the solution of Eq. (32) can be expressed as

u = a0 + a1F (ξ) + a2F
2(ξ). (33)

Upon substitution of Eq. (33) into (31), the use of Eq. (13)
and setting the coefficients ofF i (i = 0, 1, 2, 3, 4) to zero,
we get

Case 1:

a0 = γ
β , a1 = − 6γ

β , a2 = 6γ
β c = ±

√
k2 + γ (34)

Case 2:

a0 = 0, a1 = 6γ
β , a2 = − 6γ

β c = ±
√

k2 − γ (35)
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FIGURE 1. Solution of Eq. (1).

Inserting Eqs. (34) and (35) into Eq. (33), we obtain the
following exact solutions of Eq. (2):

u1(x, t) =
γ

β





cosh
[

kxα

Γ(1+α) ±
√

k2+γtα

Γ(1+α)

]
− 2

cosh
[

kxα

Γ(1+α) ±
√

k2+γtα

Γ(1+α)

]
+ 1





, (36)

u2(x, t) =
3γ

β

{
1 + cosh

[
kxα

Γ(1+α) ±
√

k2−γtα

Γ(1+α)

]} . (37)

Remark 2: We have the hyperbolic function solutions of
the space-time fractional Klein-Gordon equation. These ob-
tained exact solutions are soliton solutions and periodic soli-
tary wave solutions.

4.3. The space-time fractional ZK-BBM equation

We want to find traveling wave solutions of the Eq. (3), rea-
son for which we apply the transformationu(x, t)=u(ξ) and

FIGURE 2. Solution Eq. (2) whenγ = 1, β = 1, k = 1.

ξ = (kxα/Γ(1 + α)) − (ctα/Γ(1 + α)), wherek andc are
nonzero constants. Then, by integrating this equation once
with respect toξ and setting the integration constant to zero,
we attain,

(k − c)u− aku2 + bck2u′′ = 0, (38)

where u′ = du/dξ. Balancingu′′ with u3 gives N =
1.Therefore, the solution of Eq. (19) can be expressed as

u = a0 + a1F (ξ) + a2F
2(ξ). (39)

Substituting Eqs. (13) and (39) into Eq. (38), collecting all
coefficients for each power ofF i (i = 0, 1, 2, 3, 4), and set-
ting each of the coefficients to zero, we get a system of alge-
braic equations with the following solutions:

Case 1:

a0 = 0, a1 =
6bk2

a(bk2 − 1)
,

a2 = − 6bk2

a(bk2 − 1)
c = − k

bk2 − 1
. (40)

Case 2:

a0 =
bk2

a(1 + bk2)
, a1 = − 6bk2

a(1 + bk2)
,

a2 =
6bk2

a(1 + bk2)
c =

k

1 + bk2
. (41)

Inserting Eqs. (40) and (41) into Eq. (39), we obtain the
following exact solutions of Eq. (3):

FIGURE 3. Solution of Eq. (3) whenb = 2, k = 1, a = 1, c = −1.

Rev. Mex. F́ıs. 67 (3) 422–428
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u1(x, t) =
3bk2

a(bk2 − 1)

×




1

cosh k
[

xα

Γ(1+α) + ctα

(bk2−1)Γ(1+α)

]


 , (42)

u2(x, t) =
bk2

a(1 + bk2)

×




cosh k
[

xα

Γ(1+α) + ctα

(1+bk2)Γ(1+α)

]
− 2

cosh k
[

xα

Γ(1+α) + ctα

(1+bk2)Γ(1+α)

]
+ 1



 . (43)

Remark 3: We obtain the hyperbolic function solutions
of the space-time fractional ZK-BBM equation. In particular,
the soliton solutions, compacton solutions, peakon solutions
and other solutions have been found for such physical prob-
lems.

5. Conclusion

In this paper, the generalized Kudryashov method has been
successfully applied to find the solution of time-fractional
Cahn-Allen equation, space-time fractional Klein-Gordon
equation and space-time fractional ZK-BBM equation. Cal-
culations in generalized Kudryashov method are simple, re-
liable and effective mathematical tool for solving fractional
differential equations in science and engineering. As far as
we know, the solutions obtained are new solutions that are
not available in the literature. The solutions obtained will
play a significant role in explaining many physical problems.
According to the results obtained, this approach can be used
to other nonlinear FDEs, nonlinear fractional equation sys-
tems, the fractional complex equations, the fractional differ-
ence equations, etc. All the solutions reported above have
been verified using the symbolic computation system Maple.

1. A. Bekir and A. C. Cevikel, Solitary wave solutions of two non-
linear physical models by tanh-coth method,Commun. Non-
linear Sci. Numer. Simul., 14, (2009) 1804,https://doi.
org/10.1016/j.cnsns.2008.07.004.

2. M. Inc et al., New solitary wave solutions for the con-
formable Klein-Gordon equation with quantic nonlinearity.
AIMS Math., 5 (2020) 6972. https://doi.org/10.
3934/math.2020447.

3. A. C. Cevikel, A. Bekir, S. San, and M. B. Gucen,
Construction of periodic and solitary wave solutions for
the complex nonlinear evolution equations,J. Franklin
Inst., 2 (2014) 694, https://doi.org/10.1016/j.
jfranklin.2013.04.017.

4. A. C. Cevikel, A. Bekir, M. Akar, and S. San, A procedure
to construct exact solutions of nonlinear evolution equations,
Pramana79 (2012) 3337.https://doi.org/10.1007/
s12043-012-0326-1.

5. A. Bekir and A. C. Cevikel, New solitons and periodic solu-
tions for nonlinear physical models in mathematical physics,
Nonlinear Anal. Real World Appl.11 (2010) 3275.https:
//doi.org/10.1016/j.nonrwa.2009.10.015.

6. A. C. Cevikel and A. Bekir, New Solitons and Periodic So-
lutions for (2+1)-dimensional Davey-Stewartson Equations,
Chin. J. Phys., 51 (2013) 11. https://doi.org/10.
6122/CJP.51.1.

7. M. Inc et al., New exact solutions for the Kaup-Kupershmidt
equation,AIMS Math.5 (2020) 6726,https://doi.org/
10.3934/math.2020432.

8. A. Bekir and A. C. Cevikel, New exact travelling wave solu-
tions of nonlinear physical models,Chaos Solitons Fractals41
(2009) 1733.https://doi.org/10.1016/j.chaos.
2008.07.017.

9. B. Ghanbari, H. G̃A 1
4
nerhan, and S. Momani, Exact optical so-

lutions for the regularized long-wave Kadomtsev-Petviashvili

equation,Phys. Scr., 95 (2020) https://doi.org/10.
1088/1402-4896/abb5c8.

10. B. Ghanbari, M. S. Osman, and D. Baleanu, Generalized ex-
ponential rational function method for extended Zakharov–
Kuzetsov equation with conformable derivative,Mod. Phys.
Lett. A 34 (2019) 195. https://doi.org/10.1142/
S0217732319501554.

11. B. Ghanbari and C.-K. Kuo, New exact wave solutions
of the variable-coefficient (1 + 1)-dimensional Benjamin-
Bona-Mahony and (2 + 1)-dimensional asymmetric
Nizhnik-Novikov-Veselov equations via the generalized
exponential rational function method,Eur. Phys. J. Plus
134 (2019) 334. https://doi.org/10.1140/epjp/
i2019-12632-0.

12. B. Ghanbari and A. Akg̈ul, Abundant new analytical and ap-
proximate solutions to the generalized Schamel equation,Eur.
Phys. J. Plus, 95 (2020) 7.https://doi.org/10.1088/
1402-4896/ab8b27.

13. C.-K. Kuo and B. Ghanbari, Resonant multi-soliton so-
lutions to new (3+1)-dimensional Jimbo–Miwa equations
by applying the linear superposition principle,Nonlin-
ear Dyn. 96 (2019) 459.https://doi.org/10.1007/
s11071-019-04799-9.

14. B. Ghanbari and C.-K. Kuo,, A variety of solitary wave solu-
tions to the (2+1)-dimensional bidirectional SK and variable-
coefficient SK equations,Res. Phys.18 (2020) 103.https:
//doi.org/10.1016/j.rinp.2020.103266.
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28. Ö. Güner, E. Aksoy, A. Bekir, and A. C. Cevikel, Different
methods for (3+1)-dimensional space-time fractional modified
KdV-Zakharov-Kuznetsov equation,Comput. Math. Appl., 71
(2016) 1259.https://doi.org/10.1016/j.camwa.
2016.02.004.

29. N. Shang, and B. Zheng, Exact Solutions for Three Fractional
Partial Differential Equations by the(G′/G) Method, Int. J.
Appl. Math.43 (2013) 3.
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