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Two-photon transitions from ground state to excited and ionized states are studied. The energy levels and radial matrix elements of an
impenetrable spherically confined hydrogenic atom embedded in plasma environment are evaluated using accurate Bernstein-polynomial
(B-polynomial) method. Transition probability amplitudes, transparency frequencies and resonance enhancement frequencies for various
transitions, namely,1s − 2s, 1s − 3s and1s − 3d are evaluated for various values of confining Debye potential parameter. The effect of
spherical confinement is studied and explained.
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1. Introduction

Atomic and molecular systems confined in various plasma
environments have occupied an important place in theoreti-
cal and experimental research fields [1–8]. It is well-known
that in interpretation of various data associated with as-
trophysics, hot plasma etc., basic understanding of atomic
excitation and ionization is required since these processes
taking place in plasma environment provide important in-
formation about plasma. The processes which have re-
cently attracted much attention are laser-assisted collisions in
plasma [9–12] and response of confined atoms to short and
intense laser pulses [13, 14]. The plasma environment con-
sidered here is Debye plasma where Debye screening length,
λD =

√
kBT/(4πe2n), being a function of the plasma tem-

peratureT and its densityn, plays an important role. Various
sets of plasma conditions involved in real plasma environ-
ments can be simulated for one value ofλD as one can eval-
uate the plasma temperature for a particular number density
and vice-versa by fixingλD [15].

The screening of interaction potential between the nu-
cleus and the electrons moving in atomic orbitals plays an
important role in a variety of processes. In case of atoms
and molecules confined under various conditions, the poten-
tial is modelled by a so-called Debye-Hückel potential [16].
The other form of screened potential called the exponen-
tial cosine screened coulomb potential, has long been used
to describe an ionized impurity inside a semiconductor het-
erostructure [13, 15, 17, 18]. These screened potentials are
prototype for many physical processes such as atoms con-
fined in Debye or Debye-cosine plasmas, where atomic prop-
erties change drastically compared to free atoms, depend-
ing on the screening parameter, in particular [13, 15, 19–21].
The spectrum of the atom becomes quite interesting as re-
flected in its response to external fields. If, in addition to
the screening potentials, there happens to be a spherical con-
finement, then the atom shows a drastic change in the spec-

trum. For example, Lumbet al. [14, 21] have shown that
there are very few bound states if confining radiusrc is very
small (rc ¿ 10 a.u.). So, spherical confinement in addition
to screened potential forms a new confining potential where
atomic and molecular systems are yet to be explored in de-
tail. Impurities present in quantum dots are an example of
a confined system where the spherical boundary represents
the cage radius. In such practical physical situations the ex-
isting potential is modified due to interaction with impuri-
ties. As reported earlier [18], there have been few studies
on the scattering processes taking place in confined environ-
ment. Two-photon spectroscopy has been an important tool
to study the excitation of atoms and molecules ( [22] and ref-
erences therein). Two photon and three photon transitions in
confined atoms under various kinds of confinements started
receiving much attention since starting of2000 [17, 23–29]
as tools to study such transitions became available.

In the present study, we focus on the two-photon transi-
tions in atomic hydrogen embedded in spherically confined
Debye plasma. The model employed in the present case in-
cludes the effect of spatial confinement as well as screened
Coulomb potential. The hydrogen atom is assumed to be em-
bedded in plasma environment consisting of a finite charge
distribution. The boundary condition signifies the finite ex-
tent of the charge cloud.The Debye confinement considered
here is more likely to occur in many practical situations. In
general, plasma environment in space is represented by this
potential as is known from available literature. Also, the ar-
tificially created short-lived laboratory plasmas always have
a finite volume. Such environments simulate the plasma
present in interstellar space. Using the present model of con-
fined plasma, simple Debye plasma model can be studied by
enlarging the radius of confining sphere to infinity. Under-
standing of hydrogen atom under such confinement is impor-
tant as it helps in examining more complex systems. Here, we
consider electron of confined hydrogen atom being excited to
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higher states through absorption of two photons. We study
excitation from1s to higher states. The effect of confinement
on two-photon processes has been dealt with in detail. The
spectrum of confined atom is evaluated using B-polynomial
method [30–33].

The paper is organized according to the following
scheme. The relevant theoretical details are provided in
Sec. 2. The results of the present work are discussed in Sec. 3.
Finally the important findings are summarized in Sec. 4.

2. Theory

The model considered here comprises a hydrogen atom em-
bedded in a Debye plasma environment. The atom is assumed
to be at the center of an impenetrable spherical cavity of ra-
diusr0. This geometrically symmetric arrangement is a spe-
cial case of the more general possibility in which the atom
may be present at any position within the cavity. For sim-
plicity, we have chosen the special case. Our aim here is
to study the effect of spherical confinement and surrounding
plasma on the two-photon transition probability amplitudes
D2, transparency frequencyωt and resonance enhancement
frequenciesωr. This in turn requires a knowledge of the en-
ergy spectrum and the dipole matrix elements of the system.
The spectrum, oscillator strengths and other physical quanti-
ties of confined systems are known to be highly dependent on
the chosen confinement parameters and hence need an accu-
rate evaluation. The evaluation of energy spectra and oscilla-
tor strengths of confined hydrogen in Debye plasma environ-
ment has been carried out and the results for various confin-
ing radii and Debye lengths characterizing different plasma
conditions have been reported in our earlier works [15, 21].
The steps necessary for arriving at these results are summa-
rized below for ready reference. We have used atomic units
throughout our study.

The radial Schr̈odinger equation for the electron of the
confined hydrogen atom is given by

[
− 1

2
d2

dr2
+

l(l + 1)
2r2

− 1
r
e−r/λD + Vc(r)

]
Unl(r) = EnlUnl(r) (1)

where−e−r/λD/r is the Debye-Ḧuckel potential,1/λD be-
ing the Debye screening parameter [34] andVc(r) is the con-
finement potential defined as

Vc(r) =
{

0 , r < r0

∞ , r ≥ r0.

The radial wave functionRn,l(r) = Un,l(r)/r. Un,l(r) is
expanded in B-polynomial basis as

Unl(r) =
n∑

i=0

ciBi,n(r), (2)

wherecis are coefficients of expansion andBi,n(r) are B-
polynomials of degreen. The confinement potential be-
ing infinite at the boundary,i.e., r = r0, forces the wave
functions to vanish there. Under these restrictions the radial
Schr̈odinger equation can be recast as a symmetric general-
ized eigenvalue equation in matrix form, given by

(A + F + G)C = EDC, (3)

where matrix elementsai,j , fi,j , gi,j anddi,j are defined as

ai,j =
1
2
(B′

i,n, B′
j,n), fi,j =

l(l + 1)
2

(
Bi,n

r2
, Bj,n

)
,

gi,j=−
(

Bi,n

r
e−r/λD , Bj,n

)
, di,j=(Bi,n, Bj,n). (4)

The eigenvaluesE provide the energy spectrum and eigen-
vectorsC are used to calculate the corresponding radial wave
functions using Eq. (3). We have used Fortran EISPACK li-
brary to solve Eq. (4).

The two-photon transition probability amplitude,D2, of
a hydrogen atom from the initial state1s to a final statejs
can be evaluated by using [17,24]

D2 =
1
2

∑
n

[
1

−E1s + En − ω0

+
1

−Ejs + En + ω0

]
χn

1χn
j (5)

wheren represents the intermediate states including contin-
uum,E1s andEjs are the energy eigenvalues of the1s and
js states respectively andχn

1 andχn
j are the dipole matrix

elements defined as follows

χn
k =

∞∫

0

r3RnRkdr, (k = 1, j) (6)

whereRl (with l = n, k) represents the radial wave func-
tion. The corresponding formula for calculating the transition
probability amplitude for1s to jd state is given by

D2 =
1√
5

∑
n

[
1

−E1s + En − ω0

+
1

−Ejd + En + ω0

]
χn

1χn
j (7)

The values ofω0 for which D2 approaches infinity, and also
lie inside the interval∆Eif/2 and∆Eif are called the res-
onance enhancement frequencies, where∆Eif is the differ-
ence between final and initial (1s) state energies [17]. Also,
the frequencies for which the transition amplitude vanishes
are called as the two-photon transparency frequencies [17].
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FIGURE 1. Variation of two-photon1s − 2s transition amplitude with frequency of incoming photons,ω0, for various values of screening
lengthλD.

FIGURE 2. Same as Fig. 1 for1s− 3s transition.
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3. Results and Discussions

The two-photon transition probability amplitudes of a hydro-
gen atom placed at the center of an impenetrable confining
sphere of radiusr0 and embedded in a weak plasma charac-
terized by Debye-Ḧuckel potential are explored. Since Debye
screening lengthλD is dependent on temperature and density
of plasma, its different values represent different conditions
of the system. We have explored the dependence of two-
photon transitions on the extent of Debye screening as well as
confinement radius. The probability amplitudes from1s to js
(j = 2, 3, 4) states have been calculated using Eq. (5) and to
jd (j = 3, 4) states using Eq. (7) for a range of incident pho-
ton frequencies. It may be mentioned that the Hamiltonian
being discretized leads to discreet continuum states, hence
the quantum nature of the system is retained even for small
confinements. Therefore, irrespective of the states being free
or bound, the nomenclature of states is assumed to be same.
The range of frequencies selected for studying the variation
of two-photon transition probability amplitudes, transparency
frequencies and resonance enhancement frequencies for var-
ious values of confinement parametersr0 andλD is ∆Eif/2
to ∆Eif as mentioned in Sec. 2.

The two-photon transition amplitudes as calculated by us
show very close agreement with the previously available re-
sults in literature. For example, for a free hydrogen atom, the
contributions to the1s− 2s transition amplitudes due to first
few intermediate states takingω0 = 0.375 Ryd., given by
Bassaniet al. [35] match well with our results calculated for
r0 = 50 a.u. andλD = ∞. It may be noted that the spher-
ical confinement radiusr0 = 50 a.u. is very large as com-
pared to the size of hydrogen atom and hence corresponds to
a nearly free atom. The total contribution calculated by them
is −11.7805 and the value obtained in the present work is
−11.7803. The energy levels, two-photon transition ampli-
tudes, absorption coefficients, two-photon transparency fre-
quencies and resonance enhancement frequencies as calcu-
lated by Paul and Ho [24] for a Debye plasma screened hy-
drogen atom are in consonance with our results for various
values ofλD. For example, the value of two-photon ab-
sorption coefficient for1s − 2s transition based on our cal-
culations is144.8617 for λD = 10 a.u. and138.8400 for
λD = 200 a.u. takingω0 = 0.37 Ryd. This data matches
exactly with the results of Paul and Ho [24]. This provides a
check on our calculations. The aim of the present work is to
analyze the effect of spherical confinement on such properties
of the system.

Figures 1-3 show variation of the two-photon transition
probability amplitudes for four different values ofλD, viz.,
10, 20, 30 and200 a.u. and two values ofr0, viz.,10 a.u. and
50 a.u. It is found that the two-photon transition probability
amplitudesD2 depend on both Debye and spherical confine-
ment. Figure 1 which showsD2 elements for1s− 2s transi-
tions clearly depicts the effect of change in Debye as well as
spherical confinement. In Figs. 1(a) and (b), it is seen that if

λD is varied over a wide range from10 to 200 a.u., the reso-
nance enhancement condition is achieved for small frequen-
cies for smallerλD. Such variation is not much prominent for
small change inλD as in Figs. 1(c) and (d). It is also evident
from Fig. 1 that the nature of variation ofD2 changes withr0.
The resonance enhancement frequency shifts towards lower
ω0 for weaker spherical confinement. The variation withr0

andλD as observed in Fig. 1 is also present in the data plotted
in Figs. 2 and 3. These features can be explained on the basis
of the change in energy spectrum and radial matrix elements
with Debye as well as spherical confinement. The detailed
structure of energy spectrum for such a confined system has
been described in our earlier works [15, 21]. The decrease
in number of bound states and increasing separation of the
energy levels for smallerr0 values are responsible for the ob-
served behaviour. Figure 4 shows similar variation ofD2 for
r0 = 15, 20 and40 a.u. andλD = ∞ for 1s − 2s, 1s − 3s,
1s − 3d and1s − 4d transitions. It clearly depicts the effect
of spherical confinement in absence of Debye screening.

The explicit values of transparency and resonance en-
hancement frequencies of two photon transition probability
amplitudes are presented in Tables I-III. The frequencies cor-
responding to the transitions to4s and 4d have also been
included in the tables. The values for transitions to2s, 3s
and3d are also implicit in the graphical representation of two
photon transition probability amplitudes shown in Figs. 1-4.
The transparency frequency [17, 24] as observed for transi-
tions to3s, 4s and4d states have been reported in Table I.
The plasma screening has been found to considerably affect
the transparency frequencies. With decrease inλD for a fixed
r0, the transparency frequency,ωt, also decreases as observed
by Paul and Ho [24]. Similar effect has been observed for
variation with confinement radius. That is, decrease inr0 or
increase in confinement leads to decrease inωt as shown in
Table I. For the case of tight confinement,r0 = 10 a.u., only
a single transparency condition is obtained for1s to4s transi-
tion for all λD as compared to two transparency frequencies
for rest of ther0 values. This is due to the fact that trans-
parency frequency is limited only to the range∆Eif/2 and
∆Eif .

The resonance enhancement frequencies obtained for
transitions to2s, 3s,4s, 3d and 4d levels are given in Ta-
bles II and III. These are found to be same for particular
confinement radius and Debye length irrespective of the fi-
nal state. The values for1s − 3s transitions as calculated in
the present work match very well with those quoted by Paul
and Ho [24]. More frequencies correspond to resonance en-
hancement condition for transitions from1s to 3s or 4s states
on increasing the spherical confinement for someλD as can
be seen from the data in Table III forr0 = 30 and50 a.u.
An opposite trend is observed in the transitions from1s to
3d or 4d states. The trend shows that confinement effect on
probability of two-photon transition to a state depends on the
shape of its orbital.
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FIGURE 3. Same as Fig. 1 for1s− 3d transition.

FIGURE 4. Variation of two-photon transition amplitudes for1s− 2s, 1s− 3s, 1s− 3d and1s− 4d transitions with frequency of incoming
photons,ω0, for screening lengthλD = ∞.
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TABLE I. Two-photon transparency frequencies for various Debye screening lengths,λD, and confinement radii,r0. The data is in atomic
units. The results forr0 = 50 a.u. have been compared with those of free hydrogen.

r0 λD 1s → 3s 1s → 4s 1s → 4d

10 10 0.6220155 1.0418125 0.7633365

15 0.6374085 1.0439695 0.7783205

20 0.6429075 1.0448025 0.7839785

30 0.6469285 1.0454365 0.7882275

200 0.6501865 1.0459845 0.7917615

15 10 0.6625705 0.6671255 0.7666505

0.8144075

15 0.6761735 0.6771675 0.7875435

0.8422595

20 0.6811455 0.6808125 0.7954565

0.8532235

30 0.6848055 0.6834675 0.8014125

0.8616995

200 0.6877845 0.6855815 0.8063935

0.8690165

20 10 0.6690395 0.6668105 0.7769765

0.8026365

15 0.6819135 0.6787535 0.8011405

0.8345025

20 0.6865375 0.6831165 0.8100715

0.8471905

30 0.6899045 0.6863195 0.8166685

0.8570665

200 0.6926055 0.6889105 0.8220685

0.8656685

30 10 0.6714915 0.6684855 0.7913775

0.8003005

15 0.6835095 0.6806875 0.8172785

0.8361105

20 0.6878315 0.6850525 0.8256905

0.8501085

30 0.6909785 0.6882145 0.8313625

0.8608235

200 0.6934965 0.6907285 0.8355395

0.8699895

50 10 0.6718395 0.6704785 0.8040815

0.672a 0.8023525

15 0.6836195 0.6819315 0.8263675

0.6835a 0.8385935

20 0.6878945 0.6859735 0.8318885

0.688a 0.8521725

30 0.6910215 0.6888935 0.8354605

0.8624345

200 0.6935135 0.6911895 0.8380465

0.6935∗,a 0.8711365
a Reference [24].
∗ Value is forλD = ∞
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TABLE II. Two-photon resonance enhancement frequencies for various Debye screening lengths,λD, and confinement radii,r0 = 10, 15

and20 a.u. The data is in atomic units.

r0 λD 1s → 2s 1s → 3s 1s → 4s 1s → 3d 1s → 4d

10 10 0.738714 0.738714 1.041836 0.738714 0.738714

1.067930 1.067930 1.067930

1.602878

15 0.751158 0.751158 1.044687 0.751158 0.751158

1.083600 1.083600 1.083600

1.617914

20 0.755824 0.755824 1.045969 0.755824 0.755824

1.089686 1.089686 1.089686

1.623756

30 0.759316 0.759316 1.047029 0.759316 0.759316

1.094338 1.094338 1.094338

1.628224

200 0.762209 0.762209 1.048002 0.762209 0.762209

1.098282 1.098282 1.098282

1.632017

15 10 0.722295 0.722295 0.722295 0.722295

0.881457 0.881457 0.881457

1.107375

15 0.737215 0.737215 0.737215 0.737215

0.905802 0.905802 0.905802

1.130544

20 0.742775 0.742775 0.742775 0.742775

0.915543 0.915543 0.915543

1.139876

30 0.746927 0.746927 0.746927 0.746927

0.923137 0.923137 0.923137

1.147195

200 0.750373 0.750373 0.750373 0.750373 0.750373

0.929743 0.929743 0.929743

1.153608

20 10 0.721122 0.721122 0.721122 0.721122

0.834974 0.834974 0.834974

0.954652

15 0.736483 0.736483 0.736483 0.736483

0.865737 0.865737 0.865737

0.984498

20 0.742172 0.742172 0.742172 0.742172

0.878180 0.878180 0.878180

0.996924

30 0.746412 0.746412 0.746412 0.746412

0.887954 0.887954 0.887954

1.006907

200 0.749925 0.749925 0.749925 0.749925

0.896554 0.896554 0.896554

1.015934
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TABLE III. Two-photon resonance enhancement frequencies for various Debye screening lengths,λD, and confinement radii,r0 = 30, 50

a.u. The data is in atomic units. The results forr0 = 50 a.u. have been compared with those of free hydrogen.

r0 λD 1s → 3s 1s → 4s 1s → 3d 1s → 4d

30 10 0.721048 0.721048 0.721048 0.721048

0.814992 0.814992 0.814992

0.862225

15 0.736454 0.736454 0.736454 0.736454

0.852222 0.852222 0.852222

0.901888

20 0.742153 0.742153 0.742153 0.742153

0.867094 0.867094 0.867094

0.919349

30 0.746397 0.746397 0.746397 0.746397

0.878668 0.878668 0.878668

0.933938

200 0.749914 0.749914 0.749914 0.749914

0.888793 0.888793 0.888793

0.947785

50 10 0.721044 0.721044 0.721044 0.721044

0.721a 0.811171 0.811171 0.811171

0.826633

15 0.736459 0.736459 0.736459 0.736459

0.736a 0.851124 0.851124 0.851124

0.876753

20 0.742160 0.742160 0.742160 0.742160

0.742a 0.866526 0.866526 0.866526

0.899727

30 0.746409 0.746409 0.746409 0.746409

0.878360 0.878360 0.878360

0.918976

200 0.749914 0.749914 0.749914 0.749914

0.75∗,a 0.888621 0.888621 0.888621

0.937057 0.937057

a Reference [24].
∗ Value is forλD = ∞

4. Conclusions

The effect of spherical confinement on two-photon transition
probability amplitudes, transparency frequencies and reso-
nance enhancement frequencies for a Debye plasma embed-
ded hydrogen atom has been explored. The spectrum of the
atom has been calculated using B-polynomials. It is under-
stood that experimental data for the confining potential un-
dertaken in the present study is not available. However, the
obtained results for loose spherical confinement (r0 = 50
a.u.) have been compared with the theoretical results reported

earlier in literature for some values of Debye parameter and
no spherical boundary in Tables I and III. A close agreement
has been achieved. It is anticipated that with the advancement
of technology the present model of confining potential may
become a reality in future and the data presented in the paper
would be useful for such experimental studies. The spheri-
cal confinement is found to play a role analogous to Debye
confinement. In particular, the transparency and resonance
enhancement frequencies decrease with increase in confine-
ment.
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