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Atomic spin squeezing in three level atoms
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The conditions under which squeezing occurs, in a system of Rb atoms and photons, are modelled by describing atom-photon interactions in
three atomic levels. The time evolution of the spin population is calculated for different initial conditions. It is found that the use of coherent
states does not suffice for the transfer of spin between the atoms.
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Se estudia la transferencia de sgntre un campo de radiéci y un sistema amico compuesto pd@tomos con tres niveles activos (87Rb).
La evolucbn temporal de la pobla@n de niveles, calculada a partir de las soluciones del modelo propuesto, muestra que labutitieaci
estados coherentes no garantizapéma transferencia de dsgajo las condiciones de squeezing.

Descriptores:Compresbn; atomos con tres niveles, campo de laser; estados coherentes.

PACS: 03.65.Fd; 42.50.-p; 42.50.Hz

1. Introduction In Ref. 13 the relations between bosonic quadrature and
atomic spin squeezing have been studied. The spin trans-
The conditions under which squeezing may take placg, fe_r betweer_1 phptons and ato_ms was examlned by using the
the transfer of quantum information between atomic stateDicke Hamiltonian [14]. In this model an.d in the limit of a
and laser fields, are currently under theoretical and experfa'9€ number of atoms, a perfect transier; squeezing, was

mental investigations [1]. For a general review see Ref. 2. found [13]. , _ S _
Spin squeezing via atom-field interactions was con-

The following list of references does not intent to exhausrsidered within the framework of the Tavis-Cummings
the material which has been published so far, rather it fo'model [15] in Ref. 16. The work of Genex al. [16] de-

cus on some of the thgoretlcal works and it may be taken aScribes an ensemble of N two level atoms interacting with a
a sample of works which may serve as motivations for thequantized cavity field

present study. The subject of squeezing in quantized electro- A common feature shared by the theoretical models, in-

magnetic fields has received continuous attention, since tht‘?oduced in the references given above, is the interaction be-
first publications appeared more than twenty years ago [3,4}een atomic levels and photons. The general structure of
Reference 5 describes squeezing generation and revivals ifygy yamjitonians which include such type of interactions be-
cavity-ion system in contact with a reservoir. In the work of longs to the family of couplings presented in Marshalek and
Ref. 5, the considered system consists of a single two-1eveljoin in Ref, 17. These forms are amenable to boson expan-
ion in a harmonic trap, at zero temperature and exposed 19 s and/or exact boson mappings [18,19]. Boson mapping
the action of two external lasers. techniques allow for the generalization of the simple forms
In Ref. 6 a simple scheme to measure squeezing andf interactions, which have been used so far, like the Dicke
phase properties of a harmonic oscillator is proposed. Thelamiltonian [14] or the Tavis-Cummings Hamiltonian [15],
work of Poulsen and Mglmer [7] shows that under adequatéor instance.
conditions the quantum information of collective states of The commonly adopted scheme of two level atoms in-
atoms may be transferred to a pulse of light. teracting with the radiation field was extended to consider

Atomic squeezing under collective emission, that is forSqueezing in a three level atom situation by Z. Ficek and
the case of large systems of radiating atoms, was studied Hg D. Drummond [20,21] and by J. Javanainen and P. L.
V. 1. Yukalov and E. P. Yukalova in Ref. 8. ould [22].

. . . In this work we are considering:
Entanglement and spin squeezing properties for three

bosons in two modes were presented in Ref. 9. The theoreti- a) three-level atoms, and
cal and experimental aspects of entanglement and squeezing
in a two-mode system have been presented in Ref. 10. The
study of spin squeezing in non-linear spin-coherent states is
found in Ref. 11, and the optimally squeezed spin states hawgoncerning point (a) we shall present the algebraic details
been considered in Ref. 12. needed to construct the exact solution of a Hamiltonian de-

b) coherent states of photons to model the initial condi-
tion of the systems where squeezing may appear.
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scribing atomic excitations of three-level atoms induced by 2.1. The exact solution
the exchange of photons. Relative to point (b) we shall study
the dependence of the solutions upon the average number &€ operator
photons in the initial state. The details of the formalism are i = ala+ 2902 @)
presented in Sec. 2, and in Refs. 23 to 25. =7
The occurrence of squeezing in a systermidhree-level commutes with the Hamiltonian of Eq. (1), which, therefore,
atoms and photons is numerically modelled in Sec. 3, wherean be diagonalized in the basis of states
we present and discuss the solutions for different parameters N T S
of the model and different initial conditions. The time evo- al by by by [0), (8)
lution of atomic and field squeezing is shown also in Sec. 3and by enforcing the constraints
Conclusions are drawn in Sec. 4.

‘ nbn0n1n2> = Nnb,ngnlnz

ng +ny +ng = A,

2. Formalism na —ng +np = N, 9

where A is the number of atoms, anfy is the sum of
The system consists of A identical three-level atoms in inter-
the number of photonsy,, and the difference.s — ng be-

action with a radiation field [26]. The atoms and the photons[ ween the population of the atomic staies: 2 andi = 0.

are placed in a cavity. The creation (annihilation) operator . o .
for the i-th atomic level { = 0.1,2), is denoted by (b;) N, .nonine 1S @normalization constant. The physical mean-
b b) 1 7 .

+ . : ing of L is straightforward, since it is just the number of
The operatorg; andb; obey boson commutation relations .
N photons plus the number of up-wards transitions between
The Hamiltonian of the system reads

atomic levels. In other words, it represents the population of
levels 2 and 0 deduced from the number of photons and the
population of level 1, as we shall see below.

The diagonalization yields the set of eigenvalies,and
+g1 (@SSP +a" S%)+ g2 (aSP2+a" S¥?). (1)  eigenvectors

H=wada'a+ Z E;S%

The operators’/, S/, 517, generate theA+1)(A+2)/2 | Wa) = > cala) | a). (10)
-dimensional symmetric representation of th€3) algebra. a={ny,no,n1,n2}
This can be demonstrated easily, since the operators The actual dimension of the configuration space, that is the
G o largest possible value d@¥ for which the exact diagonaliza-
SY =0b;bi, 1,7 =0,1,2, (2)  tion is still feasibly, is fixed by analyzing the stability of the
wave function for increasing values &f. The adopted pro-
commute as cedure will be discussed in Sec. 3.
[Sij, S’””’] — 5, S 53*;@5”"', 3) By making use of the structure of the eigenvectorg/of

the time-dependent expectation value of a given operator
R a given states(t) (which, of course, should not be an
elgenstate of the Hamiltonian) can be written

((1)|0l6(t) ZDM (U0 [Tg).  (11)

and they are the starting operators which are used to defi
the atomic inversion operators
U y
SY = 5(S” -8, 4)
In this expression],, (t) is the matrix
Dap(t) = ((1)[Wa)(¥sle(1)), (12)

which depends on the initial condition at time= 0, |¢(0)),
since

and the transition operatof&’
SY =84, 87 = (S =57 i,j=0,1,2,i<j. (5

In the expression off of Eq. (1),w is the energy of the
photon,a'(a) is the one photon-creation (-annihilation) oper- lp(t)) = e~ (0)). (13)
ator, F; is the energy of the— th atomic level, and; andgs
are coupling constants describing the absorption (emissiod§ the following, we shall write, explicitly, the results for the
of a photon in the presence of an upward (downward) atomi§dueezing facto@ (R, ), which relates the uncertainties of
excitation between levelg and1 (term proportional tg;), @ given pair of operatorg? andS, namely:

and between levelsand2 (term proportional tgjs). 2(AR)?
The two-photon resonance condition [26] is satisfied by Q(R,S) = N (14)
fixing the energies of the atomic level at the values (e, S]lo(2))]
where (AR)* = ((t)|R2|¢(1)) — (6(1)| Rl (1)), for dif-
By —Ey=2w, E1—Ey=w-A (6)  ferentinitial conditionsp(t).
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2.2. One atom case To compute the atomic squeezing one needs to calculate the
time evolution of the ladder operat§t?, and of S92
In this section we present the analytic results for the
caseA = 1. The diagonalization of the Hamiltonian of IS 02
L (ny, 1)) =(6(t)| S| (¢
Eqg. (1) yields the eigenvalues, and eigenvectordl,, ), with (S2(ne, £)) =(@()]5:"1#(1))

a =1,2,3, namely: 1 1 gy Ly
=—35+ 2 ()2 sin®(r(np)t)
AM(N) =w (ny — 1), 2 2
gig3 np(ny — 1) 2
— t) — ot
[ (V) = Ni(~ga v/, — la) + g1 yple)). ot g (eostrm) — cos(én)
N)=w(nyg—1) =6 —r(ny), 2
Ma(N) = m =) = " + < 0 sin(r(ny)t) — sin(ét)) )
|D2(N)) = Na(gi/gla) = (r(ns) +)[b) r(n)
+ g2V — 1|c)), S2(ny, 1)) = (#(1)[(S%2)" |6 (1))
N) = 0w — 1) —
Ya(N) =w (= 1) = 3+ v(om), i (1- A mm) ,
[Ws(N)) = N3(g1v/ns|a) + (r(ne) — 6)|b)
502 20
+92m|0>), (15) < ( ) < ( )| |¢( )> ( )
with Therefore, for this initial condition atomic squeezing
does not appear, no matter how many photons or atomic lev-
la) = |np, 1,0,0), els are included.
1b) = |ny — 1,0,1,0) For the case of a coherent photon state, the calculation
leads to the expression
le) = |np —2,0,0,1), (16)
Do =didgs,
and o 7
5:é, Z NG ¢ (k,1,0,0)
2
—i A (k— h
= \Jotn + g3(m, — 1) + 82, x et Anlkm R, (21)
N, = ;7 where|z|? = ny is the mean value of the number of photons
7(np)? — 02 in the coherent state. In this case
1 5 \'? 1 -
N2:<1‘ ) V) o7 (S.(0) = 3 (S ()
v2 U () ()2 — 0 A= 2 gy
1 5\ 1 .
Nyg=— (14 ) , 17 >
TR ( ) Vi S (st e 3 s e ),
k=0
for each of the subspaces labelled by a fixed value o k4l
of N = ny+ng —nyp. Eor a_vanable number of photons each (S.(t)) =e ™ Z 2' fo(k) (a(k) +1ib(k))  (22)
subspace of the solutions is labelled by the valueThe ma- =0
trix of Eq. (12) is determined by the initial conditioi(0)).
The initial condition may be a Fock state with
[#(0)) = [ns,1,0,0), (18) a(n) = (g3 (n—2) + g% (n— 1) fa(n +1)
and it represents the product state :anphotons and one + 97 (n—=1)(fa(n = 1) fo(n +1)
atom in the lower state. Then, fof = ny, — 1 + fon=1Dfa(n+1)),
Dap = dyydg, b(n) = gi(n —1)(fi(n — 1) fa(n+1)
do = ¢ (np,1,0,0) e=* A= /0, (19) — fa(n=1) fi(n+1)), (23)
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and

0.4
2iwt/h é 02
9192/ (n +2)(n + 1) >/ 0"
fon) = — 5 5 5 , Y
(9i(n+2) + g3(n+1))(gin + g3(n — 1)) 0.2
f1(n) = cos(dt) cos(r(n)t) 0.4
O sin(dt)s t)—1 7k ]
+ ) sin(6t) sin(r(n)t) — 1, _ ; g :
. 4 e b ]
fa(n) = —sin(8t) cos(r(n)t) g_ a b ]
5 = F 1
R 1 2 L J
+ ) cos(dt) sin(r(n)t). (24) 2t ;
30
As it can be seen from Eq. (22), the contribution of states
with different values ofV is a necessary condition for coher- = 20
ence. Similar results were reported in Ref. 16. =
. o " . . 10
Notice that, for this initial condition, the time evolution
of the ladder operator [22] does not vanish. It means that, 0 ; ; ; ;
depending on the coupling constants/f squeezing may 0 30 60 90 120 150
appear, that i€)(S,, S+) < 1[16]. to"]

FIGURE 1. Mean value of the inversion operatdf.(¢)), atomic

3. Results and discussion squeezing@(S:, S+ ), and field squeezing)(z, p), as a function
of time. The system consists of one atom, initially in its ground

The enerav spacina between the atomic levels is fixed bstate, and a coherent photon field, with mean value of the number
gy spacing W : V! IS fix % photonsn, = 10. The coupling constants are fixed at the values

Eq (6), withA = 0, thUSE(] = —w, B =0, B, = w. g1 = 1andg, = 1.

In all cases we have taken a coherent state in the photon

sector. We have considered symmetge, = g2, and non

symmetric parametrizationg; # g, of the Hamiltonian.

The mean value of the number of photons in the coherent

state, has been varied. The calculations have been performed M

forA=3,A=06,A=15andA = 18 atoms, respectively. =

In Figs. 1 to 3, we show the results of the present calcula- 9

tions for the time evolution of the atomic inversiof$. (¢)), -0.5

the atomic squeezing)(S., S+), and the field squeezing,

Q(z,p) [16]. The atomic initial condition consists of, = A 1.0

atoms in the ground state(), while the parametgr|? of the 2

photon coherent state is fixed at the valye With these pa- o B

rameters the Hamiltonian of Eq. (1) was diagonalized and the g

density matrix of Eq. (12) was obtained for each subspace,

A, N. Figure 1 shows theresultsfdr=1,¢; = go = 1 and 0

np = 10. No signal of squeezing is seen, in spite of the use of

a coherent state in the photon sector. This result may be com-

pared with the findings of Ref. 16, where for the case of two-

level atoms, and a coherent photon state squeezing was not

obtained. Thus, foy; = g¢o, three atomic levels, one atom,

and a photon coherent state, there is no atomic squeezing.

In Fig. 2 we show the results obtained with the asymmetric

parametrizationg; = 1, go = 4. This case does exhibit

squeezing. The actual central value of the atomic squeezing,

Q(S,,S4), is of the order 0f0.75 — 0.80. The time evo- tfw™]

lution of the atomic inversiodS,(t)) is consistent with the

central valug(S. (t)) = —0.4, while in the results shown in  Figure 2. Results corresponding ta, = 10, g1 = 1 andgs = 4

Fig. 2 the central value dfS. (t)) is zero. The results shown The meaning of the quantities is explained in the caption of as
Fig. 1.

Q{x,p)

AN WROON B
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FIGURE 3. Atomic squeezing@(S-, S+), as a function of time.

The interaction coupling constants are fixed at the valyesl,
g2=6. The initial state consists od atoms in their ground state,

O. CIVITARESE, M. REBOIRO, L. REBON, AND D. TIELAS

of photons in transitions involving the ground statg, and
excited state,, independent of the mean value of the num-
ber of photons. Finally, the dependence of the atomic squeez-
ing upon the number of atoms is shown in Fig. 3. It is seen
that the atomic squeezing is washed out when the number of
atoms is increased. These results indicate the strong depen-
dence of the atomic squeezing upon the number of atoms.
This result is expected from dimensional arguments.

4. Conclusions

In this work we have studied the occurrence of squeezing in
systems composed by three level atoms and a radiation field.
It is found that the use of initial conditions consistent of a
fixed number of photons does not lead to squeezing; instead,
it appears if coherent states are considered in the photon sec-
tor of the initial condition. The transfer of spin between the
atoms and the photons is enhanced if the interactions between
the atomic levels and the photons are parametrized in a non-
symmetric form. This is achieved by takimg > ¢; in the
Hamiltonian of Eq. (1). Itis also found that the use of coher-
ent states does not, automatically, lead to squeezing unless
the interactions are considered non-symmetric, in the man-
ner explained above. Finally, for a fixed parametrization, it is
found that if the number of atoms is increased the squeezing
is washed-out.

and of a coherent state with mean value of the number of photons

np, = 21. Insets (a), (b), (c) and (d), correspond to a system with

A=3,A=6,A=15andA = 18 atoms, respectively.
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