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Donaldson-Witten invariants for flows on four manifolds
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After a survey of the cohomological quantum field theory, we review the computation of their Donaldson-Witten invariants. These invariants
are generalized for smooth flows defined on the four manifold using notion of asymptotic cycles of higher dimensions than one introduced
recently by S. Schwartzman.
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Despwes de repasar la tdarco-homobgica de campos, revisamos I@aulos de los invariantes de Donaldson-Witten. Estos invariantes son
generalizados para flujos suaves definidos en cuatro variedades usand@tadeociclos asiiiticos para dimensiones mayores que uno
introducido recientemente por S. Schwartzman.
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1. Introduction port in thei-th flow box. Now we can integrate out every
over each horizontal dis? x {y}); and obtain a continu-

It is known that the Jones-Witten invariants [1] can beous functionfi Over(D"—P)i_ Thus we can take the average

generalized in the presence of smooth vector fields of this function using the transversal measyres

the 3-manifold as did Verjovsky and Vila [2] using the

one-dimensional asymptotic cycles defined by S. Schwartz— (Lo, ), 0) = / u(dy) (/ w7;> RGN

man [3]. Donaldson develop a theory to classify (D7 x{y}):

dimensions, manifolds using the instantonic solutions (gauge

theories) a mathematical review is given in Refs. 4 and 5. EThis current is closed in the sense of de Rhae, if w=d¢

Witten in Refs. 6 and 7, using a twisted version offa= 2  where¢ has compact support, thé(L,,, i), d¢) = 0, since

super Yang-Mills theory in four dimensions, construct a topo-we can writep = " ¢;. Therefore the expression

logical quantum field theory. We will focus in this context

and extend the Donaldson-Witten theory in the case where do;

there exist flows over the four manifold. (D? x{y}):

(anp)i

vanishes. Ruelle and Sullivan [10] shown that this is precisely
an element of the-th cohomology group.

For the Donaldson-Witten case it is necessary to consider A guantifieris a continuous field op-vectors overi/,
flows of dimension greater than one (for an introduction totangent to the orbits and invariant under the actior.ofA

the theory of dynamical systems see [8]). in this case wdluantifier is called positive if it is distinct from zero in ev-
will be interested in cycles of dimensign = 0,2,4 and €Y point of M and determines the orientation of the tangent
therefore we will need a foliation of the manifold and define SPace of the orbit. Some useful results that will justify the ex-
asymptotic Cyc'es (e|ements Of thﬂh homo'ogy group) Of iStence Of CyCleS iS giVen RefS. in 9 and 11: The asymptotic
higher dimensions, that will help us in order to generalize thecycles are provided by

2. Asymptotic Cycles

Donaldson-Witten invariants. 4 — J
To give a foliation in dimensiom it is necessary to give p= | (w,v)dp,
a closed subset over a smooth manifold/, divided into M

subsetd.,. Then, we will endow)/ of a collection of closed  which is an element off,(M,R). Now If v is a positive
disksD? x D"~P, whereD? is the horizontal disk an®"~?  definite quantifier angk an invariant measure coming from
is the vertical one. These sets are cafled boxegsee [9]), an-form w, thenw_v is closed and4,, can be obtained by
whose interior covers all/. Poincaé duality, and it is an element ¢f"~? (M, R) deter-
The measure, the orientation and the flow lines, will de-mined byw_v. This is animportant result given by Schwartz-
fine ageometric curren{L,, 1). Suppose that/ is covered man [9].
by a system of flow boxe@? x D" ~?); (endowed with par- This is not the only way to specify a foliation. In [11],
titions of unity). Then, every-form w can be decomposed Sullivan defines structures gfcones and operators acting
into a finite sumv = ). w;, where eachy; has its own sup-  over the vectors of the cones.
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3. Donaldson-Witten Invariants For that reason the BRST commutator@f, only depends

o . S of the homology class of, then the correlation functions are
We will discuss briefly the Donaldson-Witten invariants. We yyritten as

will focus in the Witten description [6] in terms of correlation ,

functions (expectation values of some operators). (O, OV = /(DX)exp(fﬁ/ez) H /Wv . (7)
We only consider a BRST supercharge and satisfy . e b

Q? = 0. Now we need a BRST invariant action, which is

very important because it gives topological invariants [7]. In-At this point we have defined the Donaldson invariants on a

finitesimal BRST transformations yield 4-manifold. In a natural way we will extend this invariants to
the moduli space.
@, ALl = g, We choose a moduli spadef such thati(M) = n where
{Q. v} = —D,¢" @2 " is a positive integer, that supposition assume that the fields
(¢, A) don't have zero modes, the only zero modes are those
@, ¢%] =0, of the gauge fieldd,, tangent toM therefore the zero modes

_ _ o are the associated t,. After integrating in the limit of weak
where A5, is the gauge fields)y; a fermionic field andp a  coupling ¢ — 0) the non-zero modes, we obtain the measure
scalar field. We define BRST exact commutatdrit canbe  qq, ... da,,di; . .. di,,, Where a;,1; are the bosonic and

written as{@, 2} for somef2. One fact is that the energy- fermionic zero modes. The effective functiort that only
momentum tensdf, is covariantly conserved and it can be depends of the zero modes® = ;. ; (a¥)yit ...y,
written as one of these BRST commutatdrs, = {Q, \as},  where® is ann-form in M. Substituting the last expression

where \,g iS some operator. Also we can observe thatgnd the measure ifY) we obtainZ(0) = [ ® explicitly
the lagrangianC is invariant if it is a BRST exact operator M

L = {Q,V}. We define the Donaldson-Witten invariants
with the path integral formalism, where the Donaldson poly-Z(O /da1 dandpt A" Dy bt (8)
nomials are given by correlation functions,

- Vi

<O>:Z(O):/’Dxexp{_£/“€}0, 3) Suppose 'FhatO = 0;...0; with > n, = n
where n,. is the number of zero modes a@™. In-

tegratmg out the non-zero modes of every one, we ob-

/ (r) % ing
ory, e is the coupling constant ar@ are the observables of no. =, “in (@)g™r ...t with (1 < v < f)

the theory. where <I>(1) . is an,-form in M, and we can write

An

One of the main properties of the path integral for BRST® = oW AN DO, Integrating out over the non-zero
exact operator$Q, 2}, is that the expectation value is zero modes and substituting {tT) we obtain
({Q,}) for all ©, if DX is invariant under supersymme-
try. An important fact, is that in order t8 be a topological Z(O4, .- O04,) = /(I)Wl) Ao ABEO), (9)
invariant (metric independent) is necessary that satisfies the
property({Q, 0}) = 0, for all O (Donaldson-Witten poly-
nomials). With this property we can prove that the correla
tion functions are independent of the metgjg, on M and
the coupling constant, i.e. 3,2 = 0 andé.Z = 0. Then
Z can be evaluated whenis small and give us topological
invariants. The observables of the theory can be constructed o) =
as,

where theDX’ represent de measure of the fields of the the

M
_So the differential forms ioM are

200 =  Tr(g)?, (10)

( ¢Aw0 (11)

(v2) —
with W,,(z) = (1/87*)Tr¢?(x). This observables are ¢ HWWH— (9)F ) (12)

not BRST invariant, but if we consider the prodyet-) :

82
-/
AW, ={Q, W, }, (4) /
[+

Hy(M) x HE(M) — R o0 = [ Te(vAF), (13)
O = (W) = [ Wy, )
) (va) — =
W o = / Tr (F A F) (14)
for k = 0 W,, = O. This define BRST invariantsg. M

Here theW! s, has ghost numbet/ = 4 — k., there-
{Q, 0"} :/{Q,W%} :/dWW,H =0. (6) fore for eachO” we can associate & — k,)-form
®() over M. This correspond to théonaldson map
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Hy. (M) — H**(M). Witten [6] proved that this elements wise the observable§* (u, v ), will be indefinite

are in the cohomology class g#. Finally we will take the 1

following convention for2-cyclesy, we will denote it by, O (1) = /Trﬁ(dﬂﬁ)wldu, 17)
whose codimension &and the Donaldson-Witten invariants i T

(the intersection number)

O (1, 1) = / T (i A+ GFndi, (19)

(O, O =4 (H, N...NH, ). (15 P
1
O3 (/’(" Z/3> = /TI'F('(/J A\ F‘)JV?,C].‘LL7 (19)
. . I8
4. Donaldson-Witten Invariants for Flows M
1
Now we generalize the Donaldson-Witten invariants, when ~ O7* (i, v4) = /Tr@(F AF)ovadp. (20)
there exist flows over a manifolti/. Y
Consider a positive quatifier, over M and a system of  Thege asymptotic observables satisfy the following proper-

flow boxesDY x Dy ”,..., D” x D" such that this cover
all the manifold. Here is the dimension of each disk. Ex-
ist a set of transversal measurgs. . ., 7; with support in the {Q, / Wo } =1{Q, / Wy Vks1dp}
Borel sets of each transversal dBK ", ..., D} ”, thenthe /A

geometric current is given by

ties:

Yk+1

= /{Q7 W’ch+1 }JVk+1du = /dW»—YkJVk+1dﬂ =0. (21)
M M

(Larr) W) =3 / ri(dy)

L (Drer); Here we have used the fact that the measure is invariant with
respect to the flow. These asymptotic observables are BRST

invariant, this is an important property because the expecta-
x / Wayi | (16) tion values of the observablé¥; will be topological invari-
(DPx{y}): ants (of the dynamical system) and they are independent of
the cohomology class.
where W, ; are the differential forms in4) associated We will use the following notation for cycles of different
to the observables with support in thieh flow boxi.e,  dimension. The observables will be denoted®y (1, vk,),s
W, = 27: Wi V\ihere k; take values 0,1,...,4, and they satisfy
=1

These currents are closed and they are the analogous ;§1 kj = d(M).
the “winding number” [2] of one-dimensional cycles and by  For a simply connected-dimensional closed and ori-
duality defines an asymptotic cycle H,(M,R) whichisa ented manifoldM with quantifiersy; coni = 0,1,...,4,
functional H?(M;R) — R and we define the “asymptotic” and a probability invariant measuge we define the correla-
operator inspired in terms of the winding cycles [2] as fol- tion functions as
lows, when we do not have a quantifier, we will return to the

case without flows. Let a positive quantifier, . . . , v, of di- Z,, (O (pyvny), - OF ()
mensioni, . .., 4 respectively and together with the currents r .
and flow boxes define tHasymptotic” observableas = / (DX) exp(—L/e?) H / Wi, dp. (22)
jle
O (1, vi) = /Wwd# = /Ww avidp This expression is reduced to the case of Donaldson-
M M Witten (7), when the measure is localized on the cycles. This
means if

(here’V[V/% denotes the contractidi.,, .v; anddy is the vol- r
ume form given by al-form). We can interpret the integral 0= Z‘“
as averaged cycles in the flow boxes. i=1

Also we are working in a smooth manifold, then every where eachy; is distributed uniformly over the cycles. 4f
volume element is given by &form du = w. Making  andt, are generators of the Lie algebsa(V) they satisfy
use of the Schwartzman theorem,v,, is a closed4 — p)- Tr(taty,) = Ndap,. For our case we hawy = 2 for example
form, from which we will obtain a asymptotje-cycle by the  for 2-cycles

Poincaé duality [an element of th&, (M, R)]. 1
Remark: In this case we only consider the case where 0" = / — (=% AP + ¢ F?). (23)

2
W.,, andv, are ap-form and ap-vector respectively, other- o 2m
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Our case is non-abelias(2)), but it doesn't present any this expression define the asymptotic cycle in the mod-

problem, because we are working at the level of the Lie algeuli space, in the sense that,, x F, wheredu, =

bra and not directly with the group, therefore we don't haveda;dasdasday.

the problem that appears in the Jones-Witten case [2]. Now we proceed to integrate out the zero modes, com-
Now proceed to perform the integral over the non-zeropletely analogous to the case without flows. We going back

modes, as in the case without flows. Denote this observagain to the Donaldson map, since the path integral is inte-

able byO' i (p,vy,) = @4y, (a;,vi, )" .. .9, where  grated over the fields, not over the space-time coordinates.

a; denotes the zero modes of the gauge field arate the  Finally we obtain the mapfy, (M) — H*~*(M) given by:

zero modes of the fermionic field,(a, ;) is a function that

only depends of the zero modes of the gauge field and con- o1 = /Tri(@w)ﬂqdu, 27)

tains the information of the flow. Once we integrate out over 472
the fermionic degrees of freedom we obtain M
1
. =~ Y2 — (3
20" ) = [Brndar.day (29 o = [Tt ne s @R @9
M M
whereéﬁ" is an-form in the moduli space. The zero modes )8 = / Tf%(w AF)_wsdp, (29)
of the gauge field can be regarded as a basisief@m in Mo AT
the moduli spacee., da; ...da, can be used as a volume ” 1
element. )t = /TYQ(F AF)wvadp. (30)
On the other hand, we know that the moduli spdee M
has M as boundary, we suppose, ..., a4 are the coordi-

nates ovenM, therefore is possible to see the modull spaceAS it was seen previously these forms contain information

locally as a foliation (collar/ x F, whereF is a manifold about the asymptotic operators f that are induced locally

of dimensionn — 4. The total dimension is determined by over the boundary of the moduli space. Now we will define
: the intersection number analogous in the case without flows
d(M) = 8p1(E) — 5(x(M) + o(M))).

We would be able to induce “flow boxes” over the mod- (O (11, v, ) - .. O (11, 1)
uli space. Given the volume element @4 day, . .., da,, HoViea) - - MoV
which is an-form, where the first four coordinates_ corre- — 4 (H% n...NHs, ) ) (31)
spond to the space-time, we s&y; A ... Aday = o define a
volume elementi/. Given the quantifier,;, together with
a will define an asymptotic cycle of the Schwartzman theo-
rem, transversal t@’, thereforeH™ (M) can be separated in
a part associated to the floW*i (M) (the Ruelle-Sullivan
class) and @n — k;)-form where it doesn’t exist flow, i.e we

Here H.,, are the asymptotic cycles it dual toél‘f.

5. Conclusions

get We have extended the Donaldson-Witten invariants in the
/ 3 da da case that exist flows over the four manifold. We recover the
oS0 B case without flows when the measure are localized on the cy-

cles. The measure defined over all the manifold give an av-
erage of the flow. In a future work we will generalize the

:Z/ / <i>17,,_,nda1da2da3da4 das . ..da,. (25) Donaldson-Witten invariants ondler manifolds, and the
i F

Seiberg-Witten invariants.
i [Bix{y}

This expression is analogous to the currents defined &y (
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