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Remarks on noncommutative solitons
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In the first part of this work we consider an unstable non-BPSDp− D̄p−brane pair in Type II superstring theory. Turning on a background
NS-NSB−field (constant and nonzero along two spatial directions), we show that the tachyon responsible for the unstability has a complex
GMS solitonic solution, which is interpreted as the low energy remnant of the resultingD(p− 2)−brane. In the second part, we apply these
results to construct the noncommutative soliton analogous of Witten’s superconducting string. This is done by considering the complex GMS
soliton arising from theD3− D̄3−brane annihilation in Type IIB superstring theory. In the presence of left-handed fermions, we apply the
Weyl-Wigner-Moyal correspondence and the bosonization technique to show that this object behaves like a superconducting wire.
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En la primera parte de este trabajo consideramos un par inestable de D-branas no-BPS,Dp − D̄p, en la teoŕıa de supercuerdas tipo II.
Considerando un campo de fondoB NS-NS (constante y diferente de cero a lo largo de dos direcciones espaciales), mostramos que el
taquíon responsable de la inestabilidad corresponde a una solución solit́onica compleja del tipo GMS, la cual puede ser interpretada como el
remanente de bajas energı́as de laD(p−2) resultante. En la segunda parte, aplicamos estos resultados para construir un solitón noconmutativo
ańalogo a la cuerda superconductora de Witten. Esto se hace considerando un solitón complejo GMS que proviene de la aniquilación de un
parD3− D̄3 en la teoŕıa de supercuerdas tipo IIB. En la presencia de fermiones izquierdos, aplicamos la correspondencia de Weyl-Wigner-
Moyal y la t́ecnica de bosonización para mostrar que este objeto se comporta como un alambre superconductor.

Descriptores: Branas no-BPS, solitones noconmutativos, cuerdas superconductoras.

PACS: 11.10.-z; 11.25.-w; 11.27.+d

1. Introduction

Recent developments in string theory have not only proven
to be insightful, but have rapidly overturned obsolete notions
initially thought to be well established [1-3]. Particularly, the
discovery ofD−branes in the nonperturbative regime has re-
vealed a deeper underlying structure, which might be a first
glance of an ultimate theory [2,4,5].

On the other hand, topological defects (see for instance,
Refs. 6 and 7) in field theory have been studied for a number
of years. The traditional approach was to consider them as
a consequence of the spontaneous breakdown of gauge sym-
metries. The spirit then was to explore the nonperturbative
sector of the Standard Model and Grand Unified Theories
containing large Lie groups. Also, a plethora of defects, rang-
ing from monopoles and vortices to kinks and domain walls,
have been obtained in both particle physics and condensed
matter systems [8]. It is important to mention a very inter-
esting example: thesuperconducting stringfound by Witten
in Ref. [9]. The idea there is to consider a four-dimensional
scalar theory with aU(1)×Ũ(1) gauge symmetry. The spon-
taneous breakdown of one of theU(1)’s yields a string-like
solution; while the breaking of the remnantU(1) in the core
endows this string with superconductivity. In conclusion: if
gauge symmetries are truly present in nature, such defects
ought to exist and they should be found experimentally.

A more modern application of topological defects is in
the understanding ofDp−brane anti-Dp−brane annihila-

tions. Such configurations are non-BPS (for a review, see
for instance Ref. 10), and they are unstable due to the pres-
ence of a tachyonic mode in their worldvolume. By finding a
suitable vortex-like configuration for the tachyon field, it has
been shown that the result of the above process is the emer-
gence of a stable BPSD(p− 2)−brane.

Another outstanding new trend is the study ofD−branes
in the presence of a NS-NS constantB− field. In the low en-
ergy limit, its effect is the appearance of a Moyal∗−product
in the fields participating in the Operator Product Expansion
(OPE), thence obtaining a noncommutative effective field
theory (for a review, see Refs. 11 and 12). A relevant feature
here is that we can associate fields inR2

∗ to operators in the
Hilbert space of a simple harmonic oscillator (SHO). This as-
sociation is known as the Weyl-Wigner-Moyal (WWM) cor-
respondence.

Harvey, Kraus, Larsen and Martinec (HKLM) used this
approach to study the decay of a bosonicD25−brane into a
D23−brane [13]. Considerations of the classical vacua and
its implications were considered in Ref. 14. Finite noncom-
mutative parameter corrections were performed in Ref. 15.
Large non-commutativity parameter approximation is sim-
pler than that for a finite parameter. In this paper we focus
mainly in this approximation. Bosonic string theory has a
tachyon mode, which makesD−branes of all dimensions un-
stable [10]. However, instead of searching a tachyonic vortex
configuration, HKLM found a nontrivial solution by intro-
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ducing a largeB−field along two spatial directions in the
D25−brane worldvolume. The solution is the real noncom-
mutative soliton discovered by Gopakumar, Minwalla and
Strominger (GMS) [16]. This object is identified with the
remnant of theD23−brane. An extension of HKLM’s work
to Type II superstring theory is described in [17]. Further
work on noncommutative tachyons in the large noncommu-
tative parameter approximation worked out in Refs. 18–22. A
K-theoretic description of noncommutative tachyons is done
in Refs. 23 and 24. The description of tachyon condensation
in orbifolds is discussed in Ref. 25. For a recent review on
the subject, for instance, see Ref. 26.

The objective of the first part of this work is to apply
HKLM’s idea [13] and study the case of Type II superstring
Dp − Dp annihilation in the presence of a largeB−field
along two spatial directions. Many techniques used by GMS
in Ref. 16, such as that of identifying nontrivial solutions with
projection operators, are applied in here as well. However,
we now have a charged tachyon field under the Chan-Paton
gauge symmetryU(1) × Ũ(1). The solution is a complex
GMS soliton, and it is regarded as the low-energy remnant
D(p− 2)−brane.Dp−Dp pairs withB−field and non-zero
magnetic fluxes were previously considered in Ref. 27 and
further explored in Refs. 15 and 28. The generalization to
nonabelian fluxes was studied at Ref. 29.

In the second part of this paper, we attempt to construct
an object similar to Witten’s superconducting string in the
context of Noncommutative Solitons in string theory. The
idea is to consider a non-BPSD3 − D̄3−brane pair in Type
IIB superstring theory in the presence of a large and constant
NS-NSB−field turned on along only two worldvolume spa-
tial directions. The fact that the tachyon is charged under a
U(1) × Ũ(1) Chan-Paton gauge symmetry is a tantalizing
similarity to Witten’s original setup. Therefore, using the re-
sults obtained in the first part of this work, we identify the
complex GMS solitonic solution to the tachyon with the low-
energy remnant of theD1−brane (which is itself the product
of theD3− D̄3−brane annihilation). We coin the termnon-
commutative D-string(or noncommutative string, for short)
to describe this object. Like in Witten’sstring, there are left-
handed fermions, which naturally arise from the supersym-
metric spectrum of the open string attached to theD1−brane.
We shall just consider the flat space case; so in the low-energy
regime, these fermions live in a spaceM1+1 × R2

∗ with the
complex GMS soliton as a background fielda. Integrating
out the transverse noncommutative directions, this complex
GMS soliton projects out most of the fermionic modes, leav-
ing behind a simple two-dimensional theory. Happily, such
theory can be exactly solved by the technique of bosoniza-
tion, inspired by Witten’s method for the case of the super-
conducting string [9]. Surprisingly, we find that the fermionic
current alongz−direction doesn’t decay. Hence, our non-
commutative string’s behavior is similar to a superconducting
wire.

This paper consists in two parts. The first one explains the
construction of a complex GMS solitons fromDp−D̄p brane

annihilation. The second part applies this idea to show the
existence of a noncommutative version Witten’s supercon-
ducting string in the context of superstring theory. In Sec. 2,
we overview the basic properties of the unstable non-BPS
Dp−Dp−brane configuration in Type II superstring theory.
Also, we explain how noncommutativity arises from the NS-
NS B−field and introduce the WWM correspondence. In
Sec. 3, we turn on aB−field on theDp − Dp brane sys-
tem and find a complex gauge-coupled GMS soliton, which
we identify with a BPSD(p − 2)−brane. In Sec. 4, we
study the case wherep = 3, and construct the noncommuta-
tive D−string. We couple the four-dimensional left-handed
fermions (coming from the supersymmetric spectrum of the
open string attached to theD1−brane) in the low energy
regime to the background GMS soliton. Then, by integrat-
ing out the two noncommutative directions, we obtain a two-
dimensional theory along theD−string. At the end we show,
by applying the bosonization technique, that this object ap-
pears to be superconducting. Finall in Sec. 5 we give our
final remarks.

2. Basic tools

The purpose of this section is to give the reader a brief
overview of the tools and ideas necessary to address the prob-
lem of theDp−Dp brane configuration with aB−field back-
ground. It must be pointed out, however, that our aim is not
to provide an extensive review of noncommutative field the-
ories. For a more complete discussion, see Refs. 11,12,26.
For a very recent review on Weyl-Wigner-Moyal deformation
quantization see Ref. 30.

2.1. Dp−Dp−brane annihilation

To begin with, consider a pair of parallelDp−branes in
Type II theory, withp even in the Type IIA and odd in the
Type IIB theory. This system is stable and BPS, and has a
U(1)× Ũ(1) Chan-Paton internal symmetry. Roughly speak-
ing, we can turn one of theDp−branes into aDp−brane by
rotating it an angleπ in the transverse directions [31]. A con-
sequence of this is the reversal of the GSO projection, hence
the occurrence of a tachyon along with the previously can-
celled massive states. Thus, theDp −Dp−brane configura-
tion obtained by rotating one of them is no longer BPS.

In general, the presence of a tachyon is a signal of insta-
bility. Under certain circumstances, such unstable non-BPS
systems may decay into stable BPSD−branes of lower di-
mensions. In the case ofDp − Dp−brane annihilation, this
system may decay into a stableD(p− 2)−brane [10].

The tachyon fieldT in theDp−Dp−brane worldvolume
is charged(−1, +1) under the gauge symmetryU(1)×Ũ(1).
Therefore, the tachyonic lagrangianLt is given by

Lt = DµTDµT − V (T ), (1)

where the covariant derivative is

DµT = (∂µ − iAµ + iÃµ)T, (2)
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while Aµ andÃµ are real functions and they are respectively
the gauge fields ofU(1) andŨ(1).

The traditional method to find a stableD(p− 2)−brane
is as follows. First, we parametrize the original(p + 1)−di-
mensional worldvolume by the coordinates(r, θ, x̃a),
where x̃a are longitudinal spacetime coordinates to the
D(p− 2)−brane. One must find a cylindrically symmetric
vortex configuration localized in the vicinity ofr = 0 for
the tachyon [10]. Such a configuration is required to describe
a pure vacuum for larger in a topologically nontrivial way.
This is achieved by imposing the following asymptotic be-
havior(r →∞):

T ∼ Tmineiθ, Aθ − Ãθ ∼ 1, (3)

whereTmin is the value in whichV (T ) is minimized.
These conditions (3) ensure that for larger, DµT → 0

andV (T ) → V (Tmin), leaving a soliton placed in the small
r region. Notice that this soliton is independent ofx̃a. This
is a vortex stringb, and we identify it with a stable BPS
D(p− 2)−brane.

Nevertheless, imposing vortex-like asymptotic conditions
as in (3) is not the only method of obtaining stable nontriv-
ial solutions of the tachyon field. A few months back, it was
found that the tachyon allows a different type of solutions if
some directions are noncommutative [16].

2.2. Noncommutativity from string theory: the B−field

In string theory, the conventional low energy limit is to take
α′ → 0. The result of this is the inevitable decoupling of the
massive modes from the effective theory.

If we additionally turn on a constant NS-NSB−field, we
still decouple the massive modes from the theory. However,
it turns out that one obtains a nonlocal deformation of the
field theory due to noncommutativity. This is a stringy effect
which helps display Dp−branes as noncommutative solitons.

Recall that Type II theories have a massless NS-NS sym-
metric background fieldgµν with µ, ν = 0, 1, · · · 9, which
we shall interpret as the background metric. Likewise, these
theories contain an antisymmetric fieldBµν in the massless
NS-NS spectrum. These theories also admit R-R charged
Dp−branes with open strings attached to them. In this case,
the OPE is merely

eik1·X
(τ) eik2·X

(τ ′) ∼ (τ − τ ′)2α′gµνk1µ·k2ν × ei(k1+k2)·X + · · · .

Turning on thisB−field, the OPE becomes

eik1·X(τ)eik2·X(τ ′) ∼ (τ − τ ′)2α′Gµνk1µk2ν

×[e+ i
2Θµνk1µk2ν ]× ei(k1+k2)·X + · · · ,

where

Gµν = (
1

g + 2πα′B
g

1
g − 2πα′B

)µν

is the effective metric seen by the open string modes, and

Θµν = −(2πα′)2(
1

g + 2πα′B
B

1
g − 2πα′B

)µν

is known as the noncommutativity parameter matrix.
The above calculations were carried over by Seiberg

and Witten in Ref. [32](see also references therein), but the
noncommutativity interpretation was first given by Schome-
rus [33].

The configuration space counterpart of the extra factor
appearing in the OPE,i.e. e

i
2Θµν∂µ∂′ν , has a rather peculiar

interpretation. This factor gives rise precisely to the Moyal
∗−product (a not commutative, but still associative product),
which has been studied for a number of years as a key feature
in an alternative description of quantum mechanics known
as Deformation Quantization. Recently, this description was
applied to the quantization of bosonic strings [34].

The presence of the Moyal∗−product in the OPE means
that fields in the effective theory get multiplied as follows:

(f ∗ g)(x) = f(x)e
i
2Θµν

←
∂ µ

→
∂′ν g(x′)|x=x′

6= (g ∗ f)(x); (4)

whereas in the absence ofB−field, they were simply multi-
plied as

(f · g)(x) = f(x)g(x) = g(x)f(x) = (g · f)(x).

In conclusion, we can fix ourB−field in any convenient
way to obtain a desired effective theory with the characteristic
that along those directions whereB 6= 0, the worldvolume of
theD−brane is noncommutative and fields are∗−multiplied.

2.3. The Weyl-Wigner-Moyal correspondence

The simplest configuration is when the constantB−field is
nonzero only along two spatial directions. Let’s choose these
to bex andy and call the noncommutativex − y planeR2

∗.
Therefore

Bµν =




0 B · · · 0

−B 0
...

...
.. .

...
0 · · · · · · 0




, (5)

whereB = B12 = −B21. As a result, we obtain noncom-
mutativity along thex− y plane:

[x, y]∗ = iΘ, (6)

whereΘ = Θ12 = −Θ21 is the noncommutativity parameter
and[x, y]∗ ≡ x ∗ y − y ∗ x is the Moyal bracket.

Rescaling the coordinates to

x → x√
Θ

and y → y√
Θ

,
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we obtain the following commutator:

[x, y]∗ = i, (7)

which is very similar to[q̂, p̂] = i, the position and momen-
tum commutator of a quantum particle in one spatial dimen-
sion. With this identification, calculations along noncommu-
tating directions are straightforward.

As in deformation quantization, we can associate fields
f(x, y) in the noncommutative planeR2

∗ to operators
Ôf (q̂, p̂) in the quantum particle’s Hilbert spaceH(q̂, p̂). The
common identification is performed by using the WWM pre-
scription [26,30]:

Ôf (q̂, p̂) =
1

(2π)2

∫
dkqdkpf̃(kq, kp)Û(q̂, p̂), (8)

where

Û(q̂, p̂) = e−i(kqbq+kpbp)

is a unitary operator, and the Fourier transform is just

f̃(kq, kp) =
∫

dqdpf(q, p)ei(kqq+kpp).

Therefore, we can write the operator

Ôf (q̂, p̂) =
1

(2π)2

∫
dqdpf(q, p)Ω̂(q̂, p̂), (9)

where

Ω̂(q̂, p̂) =
∫

dkqdkpe
i(kqq+kpp)Û(q̂, p̂) (10)

is known as the Stratonovich-Weyl quantizer [34].
A major consequence of this correspondence is that now

it is easier to perform integrations alongR2
∗. Thus, with the

above prescription, it can be shown that

1
2πΘ

∫
dqdp f(q, p) = TrH

(
Ôf (p̂, q̂)

)
. (11)

Furthermore, another property is that in general for any com-
plex fieldϑ living in R2

∗,∫
dxdy ϑ ∗ ϑ =

∫
dxdy ϑϑ. (12)

There are other convenient ways to work with fields in a
noncommutative space. Let’s parametrizeR2

∗ with complex
coordinates

w =
1√
2
(x + iy) and w =

1√
2
(x− iy)

and rescale them, so we are left with the following commuta-
tor:

[w, w]∗ = 1. (13)

Notice that this is the analogous to the quantum SHO
commutator:[â, â†] = 1, whereâ is the annihilation oper-
ator and̂a† the creation operator.

The above results can be easily generalized to the case
where there aren pairs of noncommuting coordinates. In
general, a fieldϕ in

G(p−2n)+1 × R2n
∗

can be expressed asc

ϕ(xµ) =
∑
m,n

ϕmn(xa)Φmn(xi), (14)

where theΦmn(xi) in R2n
∗ are related to|m〉 〈n| in

Hn = H(q̂1, p̂1)⊕ · · · ⊕ H(q̂n, p̂n) (see[35]).

Further generalizations are overwhelmingly challenging,
and beyond the scope of this work.

3. The D(p− 2)−brane as a noncommutative
soliton

In Ref. 13 HLKM studied a process where a bosonic
D25−brane decays into aD23−brane in the presence of a
largeB−field. They found a nontrivial solution to the real
tachyon in theD25−brane. It was precisely the real GMS
soliton [16] which they identified with the remnant of the
D23−brane in the low energy limit. In this section, we will
apply this idea to the complex gauge-coupled tachyon in the
Type II Dp − Dp−brane system with a constant and large
backgroundB−field [26].

3.1. Dp−Dp−brane annihilation in the presence of a
B−field

Recall that the non-BPSDp − Dp configuration is un-
stable because of the presence of a tachyon in its
(p + 1)−dimensional worldvolume. This tachyonic field has
charge+1 under the groupU(1) with gauge fieldsAµ and
charge -1 underŨ(1) with gauge fields̃Aµ. Consider a con-
stant backgroundB−field of the form given in (5), so the
worldvolume isΣp+1 = G(p−2)+1 × R2

∗. We will just focus
on the case when the worldvolume metric is flatGµν = ηµν ,
thusΣp+1 = M(p−2)+1 × R2

∗.
Parametrizing thex − y plane with the complex vari-

ables (w, w), and the commutative coordinates̃xa, the
(p + 1)−dimensional action is

S
(p+1)
t =

∫

Σp+1

dp−1x̃d2w

×
(

DµT ∗DµT − V∗(T, T )
)

, (15)

where the covariant derivative is

DµT = ∂µT − iAµ ∗ T + iÃµ ∗ T.

DenotingRµ = Aµ − Ãµ, we are left with
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S
(p+1)
t =

∫

Σp+1

dp−1x̃d2w

(
(∂µT + iRµ ∗ T ) ∗ (∂µT − iRµ ∗ T )− V∗(T, T )

)
. (16)

Our considerations apply to generic potentialsV (T, T̄ ),
but we will, for definiteness, mostly discuss those of polyno-
mial form

V∗(T, T ) = V∗(T ∗ T ) =
n∑

k=1

ak(T ∗ T )k, (17)

where, of course, we have abbreviated

(T̄ ∗ T )k = (T̄ ∗ T ) ∗ (T̄ ∗ T ) ∗ · · · ∗ (T̄ ∗ T ),

(k − times) (18)

andk is a positive integer.

Also, as in Ref. 16, in order for nontrivial solutions to ex-
ist, our potentialV∗(T, T̄ ) must have at least two local min-
ima.

Let’s now proceed and construct a simple solution. Recall
that, in the absence of noncommutativity, we found a vortex
solution (3) independent of̃xa. In the next section, we will be
interested in a solution with the same spacetime dependence
(as in the vortex case):

T = T (w, w), T = T (w, w). (19)

The action is given by

S
(p+1)
t =

∫

Σp+1

dp−1x̃d2w

(
− 1

Θ
∂wT ∗ ∂wT +

i√
Θ

(Rµ ∗ T ∗ ∂µT − ∂µT ∗Rµ ∗ T ) + Rµ ∗ T ∗Rµ ∗ T − V∗

)
. (20)

From now on, we will focus exclusively on the case of
infinite noncommutativity,Θ → ∞, since in this limit, the
kinetic term along the noncommutative plane vanishes. We
could eventually introduce finite-Θ kinetic contributions in
terms of a 1

Θ−expansion. However, for the time being, we
want to keep the theory simple and focus more on the prop-
erties of the solitonic solutions that depend on the potential
V∗(T̄ , T ). Thus, we are left with

S
(p+1)
t =

∫

Σp+1

dp−1x̃d2w

(
Rµ ∗ T ∗Rµ ∗ T − V∗(T ∗ T )

)
.

(21)

Defining the potential

Ṽ∗(T , T ) = RµTRµT − V∗(T ∗ T ), (22)

the following simple action inM(p−2)+1 × R2
∗ is obtained:

S
(p+1)
t =

∫

Σp+1

dp−1x̃d2wṼ∗(T , T ). (23)

Notice that in the case when the gauge field and the
tachyon∗−commute,Ṽ∗(T̄ , T ) reduces to a polynomial in
T̄ ∗T . This is equivalent to assuming that the gauge fields are
independent of the noncommutative coordinates, from which
we can deduce that

Rµ ∗ T ∗Rµ ∗ T = RµT ∗RµT. (24)

We will stick to this result in order to avoid complica-
tions, since we are interested on how noncommutativity af-
fects the tachyon, not the gauge fields.

3.2. The complex GMS soliton

Now, we are ready to move on and find a nontrivial solution
to the complex tachyon of the form (19). Let’s rewrite (23)
as

S
(p+1)
t =

∫

M(p−2)+1
dp−1x̃S

(∗)
t , (25)

where

S
(∗)
t =

∫

R2∗

d2wṼ∗(T , T ) (26)

is the action along the noncommutative plane.
The equations of motion inR2

∗ the above action yields are

∂Ṽ∗(T , T )
∂T

= 0,
∂Ṽ∗(T , T )

∂T
= 0. (27)

We cannot use the same solution as in HKLM’s real
bosonic case because the tachyon is now charged [13]. No-
tice that, in the case ofΘ = 0, the solutions would simply
solve to the following algebraic equations:

∂Ṽ (t, t)
∂T

= RµtRµ +
n∑

k=2

kak(tt)k−1t = 0,

∂Ṽ (t, t)
∂t

= RµRµt +
n∑

k=2

kakt(tt)k−1 = 0, (28)

wheret is a scalar complex field. Such solutions are just con-
stants in the commutative plane,R2.

We know that the introduction of noncommutativity al-
lows more interesting solutions [16]. From (27), we see that
the equations of motion inR2

∗ are
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∂Ṽ∗(T , T )
∂T

= RµTRµ +
n∑

k=2

kak(T ∗ T )k−1 ∗ T = 0,
∂Ṽ∗(T , T )

∂T
= RµRµT +

n∑

k=2

kakT ∗ (T ∗ T )k−1 = 0. (29)

Let’s construct a simple complex solution of the form

T = t∗T0, T = t∗T0, (30)

whereT0 andT0 have the following property:

(T0 ∗ T0) ∗ (T0 ∗ T0) = (T0 ∗ T0). (31)

In the commutative case, we would not be able to con-
struct a nontrivial function̄T0 ∗ T0 that squares to itself. This
is just one of the many amazing properties the∗−product has.
Let’s now see what happens when we insert solution (30) into
the equations of motion (29):

Rµ(t∗T0)Rµ+
n∑

k=2

kak

(
(t∗T0) ∗ (t∗T0)

)k−1

∗(t∗T0) = 0, RµRµ(t∗T0)+
n∑

k=2

kak(t∗T0) ∗
(
(t∗T0) ∗ (t∗T0)

)k−1

= 0. (32)

Now, sincet∗ and t∗ are simply constants under the∗−product, they can be carried around the equations. Therefore,
Eq. (32) can be rewritten as

Rµt∗RµT0 +
n∑

k=2

kak(t∗t∗)k−1(T0 ∗ T0)k−1 ∗ (t∗T0) = 0, T0R
µRµt∗ +

n∑

k=2

kakt∗(t∗t∗)k−1T0 ∗ (T0 ∗ T0)k−1 = 0. (33)

Next,∗−multiply the first equation byT0 on the right, and the second byT0 on the left, thereby obtaining

Rµt∗RµT0 ∗ T0 +
n∑

k=2

kak(t∗t∗)k−1(T0 ∗ T0)kt∗ = 0, T0 ∗ T0R
µRµt∗ +

n∑

k=2

kakt∗(t∗t∗)k−1(T0 ∗ T0)k = 0. (34)

Notice that from the property (31) we can deduce by iter-
ation that

(T0 ∗ T0)k = (T0 ∗ T0), (35)

wherek is a positive integer (i.e. the termT̄0 ∗ T0 behaves
like a projection operator).

Therefore, using the above result, we can rewrite (33) as
(

Rµt∗Rµ +
n∑

k=2

kak(t∗t∗)k−1t∗

)
T0 ∗ T0 = 0,

T0 ∗ T0

(
RµRµt∗ +

n∑

k=2

kakt∗(t∗t∗)k−1

)
= 0. (36)

Since we are searching for nontrivial solutions, we know that
whenT̄0 ∗ T0 6= 0, the following equations hold:

Rµt∗Rµ +
n∑

k=2

kak(t∗t∗)k−1t∗ = 0,

RµRµt∗ +
n∑

k=2

kakt∗(t∗t∗)k−1 = 0. (37)

These are precisely the algebraic equations of motion (28) in
the case of absent noncommutativity, witht = t∗ andt = t∗.

In summary, we found that the coefficientst∗ andt̄∗ of the
solution that we have constructed are themselves solutions to
the algebraic (commutative) equations:

∂Ṽ (t, t)
∂t

= 0,
∂Ṽ (t, t)

∂t
= 0. (38)

Our task now is to findT0 andT0 such that they satisfy
(T0 ∗T0) ∗ (T0 ∗T0) = (T0 ∗T0). Notice that, via the WWM
correspondence, we can associate the fieldsT0 andT0 to the
operators

T̂0 = iP̂ , T̂0 = −iP̂ , (39)

in H(â, â†), whereP̂ is the projection operator̂P = P̂ 2. In
the SHO basis any projection operator may be expressed as
P̂ = |n〉 〈n|.

According to the WWM correspondence, the operator
|n〉 〈n| in H(â, â†) is related in to the Wigner function
2(−1)ne−r2

Ln(2r2) inR2
∗, whereLn (s) is a Laguerre poly-

nomial [16]. It can be shown that the general solution is a
linear combination of projection operators(i.e.,Wigner func-
tions) with complex coefficients that minimize the commuta-
tive potentialṼ (t, t̄). However, for the time being, we will
only focus on the state in the lowest energy which is given by
the Gaussian packetT0(r2) = 2e−r2

, where

r2 = x2 + y2 = ww + ww and L0(s) = 1.
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Summarizing, from the complex tachyon inM(p−2)+1×
R2
∗ we have a complex GMS soliton of the form

T (w, w) = 2it∗e−r2
, T (w, w) = −2it∗e−r2

, (40)

wheret∗ andt∗ minimize the algebraic equation

Ṽ
(
t∗, t∗

)
= 0. (41)

It is remarkable that the only information we need to
know about the potential̃V is that it possesses at least two lo-
cal minima, and the values ofT andT for which these would
be minimized if noncommutativity is absent.

This object may be interpreted as the low energy remnant
of a stableD(p − 2)−brane arising from the annihilation of
the unstable non-BPSDp−Dp−brane pair in Type II theory.

In the casep = 3 in Type IIB theory, we coin the term
noncommutative string for the resulting complex GMS soli-
ton (which is itself the low energy remnant of theD−string).

In the following section, we are going to apply all the
R2
∗ ↔ H(p̂, q̂) technology to obtain an effective theory along

the noncommutative string from a theory with left-handed
fermions inM1+1 × R2

∗, and show that the conductivity on
this object persists.

4. The noncommutative string in the presence
of Fermions

In this second part of this work, we will show the existence
of an analog to Witten’s original superconducting string [9]
in the context of noncommutative solitons andD−brane an-
nihilations in string theory.

The idea is to begin with aD3 − D̄3−brane configu-
ration in Type IIB superstring theory and in the presence
of a large backgroundB−field turned on along thex − y
plane in the worldvolume. Such system is unstable and de-
cays into aD1−brane, which has our complex GMS soliton
as its low-energy remnant. The open string attached to the
D1−brane has chiral fermions in its supersymmetric spec-
trum. This is because this spectrum is induced from the ten-
dimensional Type IIB theory, which is chiral. Such fermions
see the complex noncommutative soliton has a background
field. By applying the WWM correspondence, we will inte-
grate out the noncommutative coordinates and find an effec-
tive two-dimensional worldsheet theory along ourD−string.
In Sec. 4.1, for the sake of simplicity, we will first integrate
the case where the gauge fieldsRµ are absent. In Sec. 4.2 we
introduce the gauge fieldsRµ, which appear as a “mass” term
in the effective theory. The bosonization technique is used in
Sec. 4.3 to display superconductivity.

4.1. Free Fermions inM1+1 × R2
∗

In M1+1 × R2
∗ we can express left-handed Dirac spinors as

Ψ =
(

0
ψL,

)
(42)

whereψL is a two-component spinor obeying the Weyl equa-
tion−→σ · p̂ψL = −ψL. In the above equations,̂p = −→p / |−→p |,
where−→p is the spatial part of the fermion’s momentum.
Also,−→σ = (σ1, σ2, σ3), whereσi are the well-known Pauli
matrices. Thus,

−→σ · −→p =
(

p3 p1 − ip2

p1 + ip2 −p3

)
. (43)

In four dimensions, the free fermions satisfy the massless
Dirac equation

i∂/Ψ = 0, (44)

where

∂/ = γµ∂µ, andγi =
(

0 −σi

σi 0

)
, γ0 =

(
0 σ0

σ0 0

)
,

are the Dirac matrices and whereσ0 is a2 × 2 unit matrixd.
These matrices satisfy the Clifford algebra{γµ, γν} = 2ηµν .

Define the chirality operator

γ5 = iγ0γ1γ2γ3 =
(

σ0 0
0 −σ0

)
.

We can define a left-handed spinor

ΨL =
1
2
(1̂− γ5)Ψ =

(
0

ψL

)
,

where1̂ is the4 × 4 unit matrix andψL obeys the chirality
equation:γ5ψL = −ψL. With this background, we now are
ready to introduce the noncommutative string defined in (40).

The action for fermions in the presence of this object has
the following generic form of Yukawa couplings [35]

S
(4)
f =

∫
dtdzd2w

(
f(T ) ∗Ψ ∗ g(T ) ∗ γµ∂µΨ

)
, (45)

wheref andg are polynomials similar to (17), which play
the role of fermion-soliton coupling. Therefore, using (31),
we find that

f(T ) = f(t∗)T0, g(T ) = g(t∗)T0. (46)

Now, we know

Ψ = Ψ†γ0 =
(

0
ψL

)†(
0 σ0

σ0 0

)
= (ψL, 0).

Thus, the action (45) can be reexpressed as

S
(4)
f =

∫
dtdzd2wf(t∗)g(t∗)

×
(

T0 ∗ (ψL, 0) ∗ T0 ∗ γµ∂µ

(
0

ψL

))
. (47)

In rescaled units of the noncommutativity parameterΘ, Dirac
operator is written

γµ∂µ = γa∂a − 1√
Θ

γα∂α. (48)
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In the limit Θ →∞, we get

γµ∂µ = γa∂a, (49)

and

S
(4)
f =

∫
dtdzd2wf(t∗)g(t∗)

×
[
T0 ∗ (ψL, 0) ∗ T0 ∗ (γ0∂0 − γ3∂3)

(
0

ψL

)]
.

Applying the WWM correspondence and recalling the
trace formula (11), let’s rewrite the action above as

S
(4)
f = 2πΘf(t∗)g(t∗)

∫
dtdzS

(∗)
f , (50)

where the action along the noncommutative coordinate plane
(written in terms of the two-component spinors) is

S
(∗)
f = Tr

{
T̂0(ψ̂L, 0)T̂0

[ (
0 σ0

σ0 0

)(
0

∂0ψ̂L

)
+

(
0 σ3

−σ3 0

) (
0

∂3ψ̂L

)]}

= Tr

[
(T̂0 ψ̂L, T̂0 ψ̂R)

(
T̂0σ

0∂0ψ̂L + T̂0σ
3∂3ψ̂L

0

)]
. (51)

This may be rewritten as

S
(∗)
f = Tr

(
T̂0 ψ̂LT̂0σ

0∂0ψ̂L + T̂0 ψ̂LT̂0σ
3∂3ψ̂L

)
. (52)

Now, using (14) and the WWM correspondence, in the
SHO basis, we expand

ψ̂L(xµ) =
∑

m,n≥0

ψL
mn(z, t) |m〉 〈n| . (53)

Indeed, having obtained this:

T̂0 = i |0〉 〈0| , T̂0 = −i |0〉 〈0| , (54)

we are in the position to calculate the trace of a generic term

of the formT̂0ψ̂LT̂0Dψ̂L, whereD is a2 × 2 matrix differ-
ential operator. Thus,

Tr

(
T̂0 ψ̂LT̂0Dψ̂L

)
= Tr

[
(−i |0〉 〈0|)(

∑

m,n≥0

ψL
mn |m〉 〈n|)(i |0〉 〈0|)D(

∑

r,s≥0

ψL
rs |r〉 〈s|)

]

= Tr

(
|0〉

∑

m,n,r,s≥0

(ψL
mnDψL

rs)(〈0 | m〉 〈n | 0〉 〈0 | r〉 〈s|)
)

. (55)

In the process, we have used the fact that the kets|n〉 form a complete orthonormal basis which, by definition, satisfy
〈m | n〉 = δmn. Also, each ket|n〉 is applied into a one-dimensional subspace of the Hilbert space. This means that
TrH(|m〉 〈n|) = δmn. Applying these facts, we deduce that

Tr

(
T̂0 ψ̂LT̂0Dψ̂L

)
=

∑

m,n,r,s≥0

(
(ψL

mnDψL
rsδ0mδn0δ0r)Tr(|0〉 〈s|)

)
= ψL

00D
∑

s≥0

ψL
0sδ0s = ψL

00DψL
00. (56)

With this result, the action on the noncommutative plane
is

S
(∗)
f = ψL

00σ
0∂0ψ

L
00 + ψL

00σ
3∂3ψ

L
00. (57)

In the performing of the trace, we actually integrated out
w and w. Also, notice how the properties of the projec-
tion operatorsT0 and T̄0 have “projected out” most of the
ψL

mn(z, t)′s, leaving behind just theψL
00(z, t) term in the

effective two-dimensional theory along the noncommutative
D−string. Therefore, the left-handed fermionic action along
the noncommutative string is

S
(ncs)
f = S

(4)
f = 2πΘf(t∗)g(t∗)

×
∫

dtdz(ψL
00σ

0∂0ψ
L
00 + ψL

00σ
3∂3ψ

L
00). (58)

This is precisely the localization of chiral fermions on the
D1−string, done with the techniques utilized in Ref. 35. In
the present case the chiral fermions are localized on the non-
commutativeD−string.

From this point on, we shall avoid the use of unnecessary
subindices, since these yield no information when the effec-
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tive theory onM1+1 is studied. Thus, we will simply use

ψL
00(z, t) = ψL(z, t). (59)

Thus, the effective action for left-handed fermions along
the string is

S
(ncs)
f = 2πΘf(t∗)g(t∗)

∫
dtdz

(
ψ

L
σa∂aψL

)
. (60)

It is time to move on and generalize this result to the case
when gauge fields are turned on.

4.2. U(1)× Ũ(1) Gauge-coupled Fermions in
M1+1 × R2

∗

The appearance of gauge fields arising from the Chan-Paton
factors should supply with further properties characteriz-
ing the noncommutative string. The introduction of this
gauge field merely amounts, as usual, to minimally coupling
fermions to

Rµ : ∂µΨ → DµΨ = (∂µ − iRµ)Ψ.

So, the four-dimensional action for gauge-coupled
fermions in the presence of the noncommutative string is

S(ncs)
gauge =

∫
dtdzd2w

(
f(T ) ∗Ψ ∗ g(T )D/Ψ

)
=

∫
dtdzd2w

(
f(T ) ∗Ψ ∗ g(T ) ∗ γµ(∂µΨ− iRµ ∗Ψ)

)
, (61)

which may be written as

S(ncs)
gauge = S

(ncs)
f1 + S

(ncs)
f2 , (62)

whereS
(ncs)
f1 is given by (45) and

S
(ncs)
f2 = −i

∫
dtdzd2w

(
γµRµf(T ) ∗Ψ ∗ g(T ) ∗Ψ

)

(63)

is the contribution due to the presence of the gauge fieldse.
Applying the WWM correspondence, the action (63) is

written as

S
(ncs)
f2 = −2πiΘf(t∗)g(t∗)

∫
dtdzTr

(
T̂0 Ψ̂T̂0γ

µRµΨ̂
)

= −2πΘif(t∗)g(t∗)
∫

dtdzS
(∗)
f2 ,

(64)

where

S
(∗)
f2 = Tr

(
T̂0 Ψ̂T̂0γ

µRµΨ̂
)

(65)

is the gauge-field contribution to the action on the noncom-
mutative plane.

Using the relation

γµRµ =
(

0 σ0R0

σ0R0 0

)
−

(
0 σiRi

−σiRi 0

)
,

(66)

we rewrite (65) as

S
(∗)
f2 = Tr

{
T̂0(ψ̂L, 0)

[ (
0 T̂0σ

0R0

T̂0σ
0R0 0

)
−

(
0 T̂0σ

iRi

−T̂0σ
iRi 0

)](
0

ψ̂L

)}

= Tr

[
(T̂0ψ̂L, T̂00)

(
T̂0σ

0R0ψ̂L − T̂0σ
iRiψ̂L

0

)]
, (67)

or equivalently as

S
(∗)
f2 = Tr

(
T̂0ψ̂LT̂0σ

0R0ψ̂L − T̂0ψ̂LT̂0σ
iRiψ̂L

)
. (68)

Recalling (53) and (39), let’s now calculate the trace of a

generic term of the form̂T0ψ̂LT̂0Rψ̂L, whereR is a 2 × 2
matrix field independent ofw andw.

After some computations similar to those of the previous
section, we are left with

Tr

(
T̂0 ψ̂LT̂0Rψ̂L

)
= ψL

00RψL
00.

Therefore, the gauge field contribution to the action along
the noncommutative plane is

S
(∗)
f2 = ψL

00σ
0R0ψ

L
00 − ψL

00σ
iRiψ

L
00. (69)

Having integrated out the coordinatesw and w, the
gauge-field contribution to the action along the noncommu-
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tative string is

S
(ncs)
f2 = −2πiΘf(t∗)g(t∗)

×
∫

dtdz(ψL
00σ

0R0ψ
L
00 − ψL

00σ
iRiψ

L
00). (70)

Getting rid of unnecessary subindices, we have

S
(ncs)
f2 = −2πiΘf(t∗)g(t∗)

∫
dtdz

[
ψ

L
σµRµψL

]
. (71)

SinceσµRµ = σaRa − σαRα and we may define the matrix
mass parameterm(z, t) ≡ σαRα. Therefore, Eq. (71) can be
expressed as

S
(ncs)
f2 = −2πΘif(t∗)g(t∗)

×
∫

dtdz

(
iψ

L
σaRaψL − ψ

L
mψL

)
. (72)

In conclusion, the complete gauge-coupled action along the
string is

S(ncs)
gauge = −2πΘif(t∗)g(t∗)

×
∫

dtdz

(
iψ

L
σaDaψL − ψ

L
m ψL

)
, (73)

where

DaψL(z, t) = (∂a − iRa)ψL(z, t).

With all these tools, we are ready to calculate the current
along this object.

4.3. The Bosonization technique: superconductivity

For the time being, we will focus in massless case;i.e.,

R1 = R2 = 0 and Ra 6= Ra(z), a = 0, 3.

First of all, let’s rescale the action of gauge-coupled fermions
along the noncommutative string such that the coefficient out-
side the integral is set equals to one. So, upon reintroducing
the gauge potential

S(ncs)
gauge =

∫
dzdt

(
iψLσaDaψL

)
. (74)

In any theory with fermions in two dimensions, we can
equivalently use bosons or fermions by applying the tech-
nique of bosonization. The idea is to introduce a scalar field
ζ(z, t) living on the noncommutative string:

ψLσaψL =
1√
π

εab∂bζ. (75)

Thus according to Ref. 9, a two-dimensional kinetic term
is

iψLσaDaψL =
1
2
(∂aζ)(∂aζ)− 1√

π
Raεab∂bζ, (76)

which yield the following equation of motion:

∂a∂aζ +
1√
π

E = 0, (77)

whereE = εab∂aRb is the electric field in two dimensions.
Now, the conserved current is justJa=−ψLσaψL, which

means that from Eq. (75) thatJ3= − (1/
√

π)ζ̈. From (77)
and thez−independence ofRa we see thaẗζ=− (1/

√
π)E.

Thus, we get forJ3 (the current along the string) that

dJ3(z, t)
dt

=
1
π

E. (78)

This equation means that the string is superconducting. If an
electric fieldE is applied for some timeT a currentET/π
remains even is the electric field is turned off after timeT .

For a regular wire of finite conductivityσ, the current is
J3 = σE3 (whereE3 the component of the electric field
along the string) and vanishes after a certain characteristic
time if E3 is turned off. The situation for our noncommu-
tative string is quite similar to the Witten’s superconducting
string.

Conservation of the fermionic current could be related
to the conservation of some fermionic numbers, such as the
lepton and baryon numbers of the theory on the brane. It
would be very interesting to construct specific brane con-
figurations of intersecting branes which reproduces Standard
Model and some GUT’s with superconducting noncommuta-
tive D−strings. Here the fermionic conserved current will be
directly related to the fermionic quantum numbers of baryon
and lepton numbers of the underlying reproduced models.
This will be reported in a forthcoming communication.

5. Final remarks

In the present paper,D−brane annihilation and noncommu-
tativity were merged together to obtain a new object: a non-
commutative string with nondecaying conductivity.

The necessary constituents to construct this entity were
all present in the Type IIB superstring theory. By rotating one
of them an angleπ in the transverse directions, we turned it
into aDp−brane. The result was a non-BPSDp−Dp−brane
system, which is unstable due to the presence of a tachyon in
its worldvolume. On the other hand, the NS-NS sector gave
rise to the ubiquitous backgroundB−field, which played a
pivotal role in the introduction of noncommutativity.

The predominant approach to such an annihilation has
been to find a vortex-like configuration of the tachyon field,
thereby obtaining a stable BPSD(p − 2)−brane as the re-
sult. The tachyon in theDp − Dp−brane worldvolume is
charged under the gauge groupU(1) × Ũ(1) arising from
the Chan-Paton factors on eachD−brane. Assuming we
have a flat metric, we introduce a constantB−field along
two spatial directions. In the low-energy limit one obtain an
effective noncommutative theory where the fields are Moyal
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∗−multiplied. From here on, we generalize the work of GMS
to the case where the field is complex and gauge-coupled.

For definiteness, we only discuss potentials of polyno-
mial form (17). Also, since we are only interested in how
noncommutativity acts on the tachyon, we assume that it does
not affect the gauge fields and that Eq. (24) is satisfied. This
merely amounts to redefining the potential to

Ṽ (T, T̄ ) = RµT ∗RµT,

which is itself also a polynomial in̄T ∗ T .
With this result, we show the natural existence of an ob-

ject analogous of Witten’s superconducting string [9], in the
context of noncommutative soliton theory. By making use of
the WWM correspondence, we find that the noncommutative
D−string in the large noncommutativity limit (Θ → ∞) is
completely specified by Eq. (40).

Starting with Type IIB theoryD3−D3 annihilation with
aB−field turned on along thex−y plane, the complex GMS
is the remnant of a BPSD−string. From the localization of
the chiral fermionsψL in the supersymmetric spectrum of the
open sector (in the sense of Ref. 35), we may construct a two-
dimensional effective description of the fermionic degrees of
freedom along the commutative coordinates(z, t). This is
done by integrating out the two noncommutative transverse
coordinates(w, w) and exploring the soliton’s projector prop-
erties. Although we could have calculated the current di-

rectly, we used the bosonization technique for simplicity. The
open string sector allows fermionic states in the worldvolume
M1+1 × R2

∗. We find that, by obtaining an equation of the
type (78), the conserved current is a persistent one.

Future subsequent work might include the use of the
bosonization technique to explore more types of phenomena,
such as light scattering by the noncommutativeD−string
(see [9]). Also we are interested in the construction of inter-
secting brane configurations, thereby reproducing the Stan-
dard Model and some GUT’s containing noncommutative su-
perconductingD−strings. In such cases, it might be possi-
ble to identify the existence of conserved fermionic super-
conducting current with that of conserved lepton and baryon
quantum numbers. Likewise, we could make some progress
in including finite-Θ effects and generalizing to the case
when the gauge fields get affected by noncommutativity. An-
other issue to be consider is to explore the stability of our
solution. Some of these issues are currently under investiga-
tion.
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a. In the general caseMn+1 denotes a Minkowski space with
one timelike andn spacelike dimensions, whileRs

∗ denotes an
s−dimensional noncommutative space.

b. A similar situation is studied in Ref. 9. However, in that work
U(1) is spontaneously broken to give rise to the string and the
other fields ineU(1) make the string superconducting.

c. xa live in Gq+1 which is a manifold that reduces to the
Minkowski spaceMq+1 as the metricGab goes to a flat metric
ηab. Likewise, xi live in a 2n−dimensional noncommutative
spaceR2n

∗ = R2
∗ × · · · × R2

∗ (n−times).

d. Notation: In this section, we will denote the indicesµ, ν, · · · =
0, 1, 2, 3; i, j, · · · = 1, 2, 3; a, b, · · · = 0, 3 (commuting coor-
dinates) andα, β, · · · = 1, 2 (noncommuting coordinates).

e. Unlike 53, there is no need to expandRµ, because it is constant
on the noncommutative plane. This condition is equivalent to
saying thatRµ and the tachyon commute [see Eq. 24].
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