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RESUMEN

Se revisan dos funciones de luminosidad (LF) recientes para galaxias y se
determinan los parámetros que caracterizan a la LF del infrarrojo cercano. La
primera LF es la función de Schechter modificada, que tiene 4 parámetros. La
segunda es una generalización de la distribución gama, con 4 parámetros. Se revisan
las fórmulas que dan el número de galaxias como función del corrimiento al rojo, y se
presta atención especial a la posición del máximo fotométrico, que se expresa como
función de un parámetro cŕıtico, o del flujo radiativo, o de la magnitud aparente.
Se presenta una simulación del Catálogo 2MASS en el marco de la teselación no-
poissoniana de Voronoi.

ABSTRACT

Two recent luminosity function (LF) for galaxies are reviewed and the pa-
rameters which characterize the near infrared are fixed. A first LF is a modified
Schechter LF with four parameters. The second LF is derived from the generalized
gamma distribution and has four parameters. The formulas which give the number
of galaxies as function of the redshift are reviewed and a special attention is given
to the position of the photometric maximum which is expressed as function of a
critical parameter or the flux of radiation or the apparent magnitude. A simulation
of the 2MASS Redshift Survey is given in the framework of the non Poissonian
Voronoi Tessellation.

Key Words: galaxies: clusters: general — galaxies: luminosity function, mass func-
tion — galaxies: statistics

1. INTRODUCTION

The release of the 2MASS Redshift Survey (2MRS), with it’s 44599 galaxies having Ks < 11.75 allows to
make tests on the radial number of galaxies because we have a small zone-of-avoidance, see Figure 1 in Huchra
et al. (2012). The number of galaxies as a function of the redshift, z, is strictly related to the chosen luminosity
function for galaxies (LF). The most used LF is the Schechter function, introduced by Schechter (1976), but also
two recent LFs, the generalized gamma with four parameters, see Zaninetti (2010), and the modified Schechter
LF, see Alcaniz & Lima (2004), can model the LF for galaxies. We now outline some topic issues in which the
LF plays a relevant role: determination of the parameters at different z, see Goto et al. (2011), evaluation of
the parameters taking account of the star formation (SF) and presence of active nuclei, see Wu et al. (2011),
determination of the normalization in the Near Infrared (NIR) as function of z, see Keenan et al. (2012).

In this paper § 2 first reviews two recent LFs for galaxies and then derives the free parameters in the near
infrared band. Once the basic parameters of the recent LFs are derived we make a comparison between the
observed radial distribution of the number of galaxies and theoretical predictions, see § 3. A simulation of the
near infrared all sky survey is reported in § 4.
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8 ZANINETTI

2. THE LUMINOSITY FUNCTIONS

This section reviews the standard luminosity function (LF) for galaxies, and two recent LF for galaxies. A
first test is done on Table 2 of Cole et al. (2001) where the combined data of the Two Micron All Sky Survey
(2MASS) Extended Source Catalog and the 2dF Galaxy Redshift Survey allow to build a luminosity function
in the Ks band (2MASS Kron magnitudes). The main statistical test is done through the χ2,

χ2 =

n
∑

i=1

(Ti − Oi)
2

Ti
, (1)

where n is the number of bins, Ti is the theoretical value, and Oi is the experimental value represented by the
frequencies. A reduced merit function χ2

red is evaluated by

χ2
red = χ2/NF, (2)

where NF = n − k is the number of degrees of freedom, n is the number of bins, and k is the number of
parameters.

2.1. The Schechter function

The Schechter function, introduced by Schechter (1976), provides a useful fit for the LF of galaxies

Φ(L)dL = (
Φ∗

L∗
)(

L

L∗
)α exp

(

− L

L∗

)

dL, (3)

here α sets the slope for low values of L, L∗ is the characteristic luminosity and Φ∗ is the normalization. The
equivalent distribution in absolute magnitude is

Φ(M)dM = 0.921Φ∗100.4(α+1)(M∗
−M) exp

(

−100.4(M∗
−M)

)

dM, (4)

where M∗ is the characteristic magnitude as derived from the data. The scaling with h is M∗ − 5 log10 h and
Φ∗ h3 [Mpc−3].

2.2. A modified Schechter function

In order to improve the flexibility at the bright end, Alcaniz & Lima (2004) introduced a new parameter η
in the Schechter LF

Φ(L)dL =
Φ∗

(

L
L∗

)α
(

1 − (η−1)L
L∗

)
1

η−1

L∗
dL. (5)

This new LF in the case of η < 1 is defined in the range 0 < L < Lmax where Lmax = L∗

η−1 and therefore has a

natural upper boundary which is not infinity. In the limη→1 Φ(L) the Schechter LF is obtained. In the case of
η > 1 the average value is

〈L〉 =
Φ∗L∗ Γ (3 + α) Γ

(

1 + (η − 1)
−1

)

(η − 1)
−α−2

Γ
(

3 + α + (η − 1)
−1

)

(α + 2)
, (6)

and in the case of η < 1 the average value is

〈L〉 =
Φ∗L∗ (−η + 1)

−2−α
Γ

(

−−1+2 η+α η−α
η−1

)

Γ (2 + α)

Γ
(

− (η − 1)
−1

) . (7)

The distribution in magnitude is:

Φ(M)dM = 0.921Φ∗100.4(M∗
−M)(α+1)(1 − (η − 1)100.4(M∗

−M))
1

η−1 dM. (8)

Table 1 reports the parameters of the Schechter and the modified Schechter LF applied to the Ks band. The
Schechter LF, the modified Schechter LF as well the observed data in the KS band are reported in Figure 1.
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INFRARED GALAXY LUMINOSITY FUNCTION 9

TABLE 1

NUMERICAL VALUES VALUES AND χ2
RED OF THE THREE LFS APPLIED

TO KS BAND (2MASS KRON MAGNITUDES) WITH DATA AS EXTRACTED
FROM TABLE 2 IN COLE ET AL. 2001 WHEN M⊙ = 3.39

LF Parameters χ2
red

Schechter (1976), Coles 2001 M∗ = −23.77, α = −1.14, Φ∗ = 0.0114/Mpc3

Schechter, our code M∗ = −23.289, α = −0.794, Φ∗ = 0.0128/Mpc3 1.38

Modified Schechter M∗ = −23.119, α = −0.707, Φ∗ = 0.0142/Mpc3, η = 0.956 1.36

Generalized gamma M∗ = −23.14, k = 0.946, c = 0.28, Ψ∗ = 0.0481/Mpc3 1.42

Fig. 1. The luminosity function data of the KS band are represented with error bars. The continuous line fit represents
the modified Schechter LF (equation 8) and the dotted line represents the Schechter LF (equation 4).

2.3. The generalized gamma distribution with four parameters

A four parameter generalized gamma LF has been derived in Zaninetti (2010)

Ψ(L;L∗, c, k,Ψ∗) = Ψ∗
k

(

L
L∗

)ck−1
e−( L

L∗ )
k

L∗Γ (c)
. (9)

This function contains the four parameters c, k, L∗ and Ψ∗ and the range of existence is 0 ≤ L < ∞. The
averaged luminosity is

〈L〉 =
L∗ Γ

(

1+ck
k

)

Γ (c)
. (10)

The magnitude version of this LF is

Ψ(M)dM =
Ψ∗0.4 ln (10) k10−0.4ck(M−M∗)e−10−0.4(M−M∗)k

Γ (c)
dM. (11)

The Schechter LF, the generalized gamma LF as well the observed data in the KS band are reported in
Figure 2 and the adopted parameters in Table 1.
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10 ZANINETTI

Fig. 2. The luminosity function data of the KS band are represented with error bars. The continuous line fit represents
the generalized gamma distribution LF (equation 11) and the dotted line represents the Schechter LF (equation 4).

3. NUMBER OF GALAXIES AND REDSHIFT

In this section we processed the 2MASS Redshift Survey (2MRS), see Huchra et al. (2012).

3.1. The existing formulas

We assume that the correlation between expansion velocity and distance is

V = H0D = cl z, (12)

where H0 is the Hubble constant, after Hubble (1929), H0 = 100 h km s−1 Mpc−1, with h = 1 when h is not
specified, D is the distance in Mpc, cl is the light velocity and z is the redshift. Concerning the exact value
of H0 a recent value as obtained by the mid-infrared calibration of the Cepheid distance scale based on recent
observations at 3.6 µm, see Freedman et al. (2012), suggests

H0 = (74.3 ± 2.1)km s−1Mpc−1. (13)

In an Euclidean, non-relativistic and homogeneous universe the flux of radiation, f , expressed in L⊙/Mpc2

units, where L⊙ represents the luminosity of the Sun, is

f =
L

4πD2
, (14)

where D represents the distance of the galaxy expressed in Mpc, and

D =
clz

H0
. (15)

The relationship connecting the absolute magnitude, M , of a galaxy to its luminosity is

L

L⊙

= 100.4(M⊙−M), (16)

where M⊙ is the reference magnitude of the Sun at the considered bandpass.
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INFRARED GALAXY LUMINOSITY FUNCTION 11

The flux expressed in L⊙/mpc2 units as a function of the apparent magnitude is

f = 7.957 × 108 e0.921 M⊙−0.921 m L⊙

Mpc2 , (17)

and the inverse relationship is

m = M⊙ − 1.0857 ln
(

0.1256 × 10−8f
)

. (18)

The joint distribution in z and f for galaxies, see formula (1.104) in Padmanabhan (1996) or formula (1.117) in
Padmanabhan (2002), is

dN

dΩdzdf
= 4π

( cl

H0

)5
z4Φ(

z2

z2
crit

), (19)

where dΩ, dz and df represent the differential of the solid angle, the redshift and the flux respectively and Φ
is the Schechter LF. The critical value of z, zcrit, is

z2
crit =

H2
0L∗

4πfc2
l

. (20)

The number of galaxies in z and f as given by formula (19) has a maximum at z = zpos−max, where

zpos−max = zcrit

√
α + 2, (21)

which can be re-expressed as

zpos−max(f) =

√
2 + α

√
100.4M⊙−0.4M∗

H0

2
√

π
√

fcl
, (22)

or replacing the flux f with the apparent magnitude m

zpos−max(m) =
1.772 10−5

√
2 + α

√
100.4 M⊙−0.4M∗

H0√
π
√

e0.921 M⊙−0.921 mcl
. (23)

The number of galaxies, NS(z, fmin, fmax) comprised between a minimum value of flux, fmin, and maximum
value of flux fmax, can be computed through the following integral

NS(z) =

∫ fmax

fmin

4π
( cl

H0

)5
z4Φ(

z2

z2
crit

)df. (24)

3.2. Formulas for the modified Schechter LF

The joint distribution in z and f for galaxies when the modified Schechter LF is adopted is

dN

dΩ dzdf
=

4 z4cl
5Φ∗

(

z2

zcrit
2

)α (

−−zcrit
2+z2η−z2

zcrit
2

)(η−1)−1

π

H0
5L∗

. (25)

Figure 3 reports the number of observed galaxies of the 2MRS catalog for a given apparent magnitude and
two theoretical curves.

The number of all the galaxies as function of z can be computed through an integral, see equation 24, and
is visible in Figure 4.

The maximum in the number of galaxies is at

zpos−max(zcrit) =

√
2 + αzcrit√

2 η − 1 + α η − α
, (26)

or

zpos−max(f) =

√
2 + α

√
100.4M⊙−0.4M∗

H0

2
√

2 η − 1 + α η − α
√

π
√

fcl
, (27)

or

zpos−max(m) =
1.772 10−5

√
2 + α

√
100.4 M⊙−0.4 M∗

H0√
2 η − 1 + α η − α

√
π
√

e0.921M⊙−0.921mcl
. (28)
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12 ZANINETTI

Fig. 3. The galaxies of the 2MRS with 10.28 ≤ m ≤

10.44 or 1202409 L⊙/Mpc2
≤ f ≤ 1384350 L⊙/Mpc2

are organized in frequencies versus heliocentric red-
shift, (empty circles); the error bar is given by the
square root of the frequency. The maximum frequency
of observed galaxies is at z = 0.018. The full line is
the theoretical curve generated by dN/dΩdzdf(z) as
given by the application of the Schechter LF which is
equation (19) and the dashed line represents the ap-
plication of the Schechter LF which is equation (25).
The parameters are the same of Table 1, χ2 = 154
for the Schechter LF and χ2 = 124 for the modified
Schechter LF.

Fig. 4. The same as Figure 3 but now all the galaxies
are considered, χ2 = 1618 for the Schechter LF and
χ2 = 1352 for the modified Schechter LF.

3.3. Formulas for the generalized gamma LF

The joint distribution in z and f for galaxies when the generalized gamma LF is adopted is

dN

dΩdzdf
=

4 z4cl
5k

(

z2

zcrit
2

)c k−1

e
−

“

z2

zcrit
2

”

k

Ψ∗ π

H0
5L∗ Γ (c)

. (29)

Figure 5 reports the number of observed galaxies of the 2MRS catalog for a given apparent magnitude and
two theoretical curves.

Figure 6 reports all the observed galaxies of the 2MRS.
The maximum in the number of galaxies is at

zpos−max(zcrit) = zcrit (1 + c k)
1/2 k

−1

k−1/2 k
−1

, (30)

or

zpos−max(f) =

√
100.4M⊙−0.4M∗

H0 (1 + c k)
1/2 k

−1

k−1/2 k
−1

√
π
√

fcl
, (31)

or

zpos−max(m) =
1.772 10−5

√
100.4M⊙−0.4M∗

H0 (1 + c k)
1/2 k

−1

k−1/2 k
−1

√
π
√

e0.921M⊙−0.921mcl
. (32)

4. THE SIMULATION

We now simulate the 2MRS catalog adopting the framework of the Voronoi Tessellation with two require-
ments. The first requirement is that the average radius of the voids is <R> = 18.23h−1 Mpc, which is the
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INFRARED GALAXY LUMINOSITY FUNCTION 13

Fig. 5. The same as Figure 3, the dashed line is the
theoretical curve generated by dN/dΩdzdf(z) as given
by the application of generalized gamma LF which is
equation (29). The parameters are the same of Ta-
ble 1, χ2 = 198 for the Schechter LF and χ2 = 201 for
the generalized gamma LF.

Fig. 6. The same as Figure 5 but now all the galaxies
are considered, χ2 = 1617 for the Schechter LF and
χ2 = 1590 for the generalized gamma LF.

Fig. 7. The Voronoi diagram Vs(2, 3) in Mercator pro-
jection when z ≈ 0.022. Nine lines of constant lati-
tude at latitudes −80, −60, −40, −20, 0, 20, 40, 60,
80 degrees are drawn. Each line is made up of 360
straight-line segments.

Fig. 8. The Voronoi diagram Vs(2, 3) in Mercator pro-
jection when 2057 galaxies are extracted from the net-
work of Figure 7.

effective radius in SDSS DR7, see Table 6 in in Zaninetti (2012). The second requirement is connected to a
previous analysis which shows that the effective radius of the cosmic voids as deduced from the catalog SDSS
R7 is represented by a Kiang function with c ≈ 2. This means that we are considering a non-Poissonian Voronoi
Tessellation (NPVT). We briefly recall that the Poissonian Voronoi Tessellation (PVT̃) is characterized by a
distribution of normalized volumes modeled by a Kiang function with c ≈ 5, see Zaninetti (2012). The cross
sectional area of a NPVT can also be visualized through a spherical cut characterized by a constant value of z
see Figure 7; this intersection is called Vs(2, 3) where the index s stands for sphere. On this spherical network
the galaxies are chosen according to formula (24) which represents the number of galaxies, NS(z, fmin, fmax),
comprised between a minimum value of flux and maximum value of flux when the Schechter LF is considered.
We have now a series of simulated spherical cuts which can be compared with the spherical cuts of 2MRS.
Figure 8 reports the simulated spherical slice of galaxies at the photometric maximum.
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14 ZANINETTI

Fig. 9. Mercator projection in galactic coordinates of a spherical cut of the 2MRS data at z ≈ 0.017.

A comparison can be done with the observed spherical cut of the 2MRS catalog having redshift, z, corre-
sponding to the observed photometric maximum, see Figure 9.

5. CONCLUSIONS

The most used LF in the infrared band is the Schechter LF, see equation (4). We have here analyzed
two other LFs: the generalized gamma, see equation (11) and the modified Schechter LF, equation (8). They
perform as well as the Schechter LF and the test in the Ks band assigns to the modified Schechter LF the lowest
value of the χ2

red, see Table 1. The radial distribution in the number of galaxies of 2MRS can be another test
and Figure 3 and Figure 5 report the standard theoretical curve as well the two new theoretical predictions. In
this case the smaller χ2 is given by the theoretical curve which involves the modified Schechter LF. Particular
attention has been given to the position of the maximum in the number of galaxies that is here expressed as a
function of the theoretical parameter zcrit or the two observable parameters f and m. A simulation in Mercator
projection of the spatial distribution of galaxies having redshift corresponding to the photometric maximum is
presented, see Figure 8.
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